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Waveguide quantum electrodynamics, ultracold matter waves, and complex analysis:
a modern study of spontaneous emission

by Alfonso LANUZA

The use of matter waves in lieu of photons constitutes a new and promising platform
for studying waveguide quantum electrodynamics (WQED). In wQED, one or more quan-
tum emitters (QEs) are coupled to a waveguide that propagates photons. The matter-
wave analog switches the roles of matter and light by making use of ultracold atoms
trapped in state-dependent optical lattices with the capacity to act as QEs (in the form
of lattice wells) or waveguides for the atoms (in the form of lattice tubes). By modify-
ing their internal state with a microwave, the atoms can be trapped in the wells or freely
travel along the tubes as spontaneously emitted matter waves.

The introduction of this experimental platform addresses multiple needs in wQED,
establishing a pathway for fundamental studies of light-matter interactions: it provides a
tunable geometry with identical equally-spaced QEs, controllable initial states, no emitter
decay to modes outside of the waveguide, methods to measure the quantum state of both
emitters and the emission, and a coupling between the QEs and the waveguide that can
be varied between the weak and strong regime. But most remarkably, as matter waves
are several orders of magnitude slower than photons, they are an ideal candidate for
the real-time measurement of the so-called “non-Markovian dynamics”, that break the
assumption that QEs radiate waves that are irreversibly lost to the waveguide. The slow
matter waves can indeed be reabsorbed by the same or an adjacent QE before they escape,
or even become bound to the emitters in a dynamical equilibrium between being emitted
and reabsorved.

This dissertation integrates recent experimental advancements in matter-wave wQED
with a theoretical framework that employs complex analytical techniques to characterize
these and other wQED systems.
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To my beloved family

“The shortest path between two truths in the real domain passes through the complex domain.”
-Jacques Hadamard [1]

“...in the same way we will not consider the spaces or the shortest lines, but those which can be
traveled most easily, most conveniently and in the shortest time.”

-Pierre de Fermat, about the study of light [2]
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Chapter 1

Introduction

The history of light [3] unfolds through different civilizations and epochs, starting with
the ancient Greeks! who laid the groundwork for later advancements in optics and astron-
omy. The Islamic Golden Age? saw significant advancements by scholars like Alhazen in
optics, including the principles of reflection and refraction. Starting in the 16th century,
the Scientific Revolution brought about pivotal discoveries by figures such as Coperni-
cus, Kepler, Descartes, Fermat, Huygens, and Newton, shaping our comprehension of
light. Whether light behaved as a particle or a wave was a central point of contention be-
tween scholars, with the latter consolidating its prominence in the second half of the 19th
century after Maxwell’s theory and Hertz’s experiments on electromagnetic waves. The
20th century ushered in revolutionary theories in physics, including quantum mechanics
and relativity, further illuminating the very nature of light. The developments that fol-
lowed the elucidation of the wave-particle duality of light, such as the discovery of laser
technology, entanglement, and the exploration of optical fibers for communication revo-
lutionized both fundamental physics and practical applications in optics and photonics.
Each era built upon the knowledge of its predecessors, culminating in a comprehensive
understanding of light across various disciplines.

1.1 A quantum theory of light

The concept of a black body in a radiative equilibrium was introduced by Gustav Kirch-
hoff in 1860 based on rather simple arguments. Remarkably, this feat preceded the dis-
covery of the electromagnetic nature of light, that light carries energy and momentum or
that accelerated charges emit and absorb radiation. It wasn’t until 1900 that Planck found
a formula that perfectly describes the full black-body spectrum [4], even at ultraviolet fre-
quencies. He did so by modeling the walls of the cavity as a collection of one-dimensional
harmonic oscillator antennas that possessed not a continuous but rather a discrete set of
energies. As he would later describe it, this was “an act of desperation” [3] that, however,
marked the birth of quantum mechanics. The idea that the same phenomenon could be
expected if the radiation inside the black body was an ideal gas of free particles with an
energy proportional to their frequency came from a young Albert Einstein just 5 years

1800 BC to 200 AD, centered in Athens and then Alexandria but also extending to Anatolia, Syria, and

Egypt.
28th to 13th centuries, with centers in Baghdad and Cordoba.
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Chapter 1. Introduction

later. His explanation of the photoelectric effect [5] was meant as an argument to rein-
force this conclusion, thus fathering the concept of a light quantum. The modern term
“photon” was later coined by Gilbert N. Lewis in 1926 [6], although its precise meaning
differed from Einstein’s light quantum and is still a source of controversy [7].

In 1927, Paul Dirac took another foundational step in the quantization of light [8] by
introducing the idea that every frequency mode in an electromagnetic wave can be inter-
preted and quantized as a simple harmonic oscillator. Soon after, Weisskopf and Wigner
[9] used Dirac’s newfound theory to calculate exponential decay rates in spontaneous
emission processes. In early semiclassical models, the idea of an energetic vacuum that
could ‘jostle” an excited atom into emitting a photon was considered the fundamental
source of noise and dephasing [3].

In 1935, Einstein, Podolsky, and Rosen [10] raised concerns about the seemingly para-
doxical no-separability of quantum mechanical states. Their proposal questioned the
completeness of quantum mechanics and several theories, known as “hidden variable
theories” [11], aimed to amend this. However, John Bell thought otherwise and came up
with a famous set of inequalities [12] that any theory of hidden variables —unlike quantum
mechanics— should satisfy. A version of these inequalities [13] was violated for the first
time with photons emitted in an atomic cascade of calcium [14]. In recent times, photon
entanglement has led to multiple developments such as the creation of photonic cat states
[15] or, remarkably, computational advantage in photon-based quantum computers over
regular ones [16].

In 1946, Purcell observed an enhancement in the decay rate of atoms by placing them
in a cavity featuring a modified vacuum [17]. Moreover, by sharing the same vacuum,
nearby emitters no longer emit independently, but collectively. This realization allowed
Dicke in 1954 to predict that a collection of nearby excited atoms can “superradiate a
burst of light” [18]. Another dramatic consequence of the quantum vacuum was the dis-
covery Casimir force [19] that two neutral conducting plates feel due to their modifica-
tion of the quantum vacuum. Nowadays, cavity quantum electrodynamics (cQED) is a
thriving field, with famous contributions from Walther [20], Haroche [21], Kimble [22], or
Wineland [23].

In 1956, R. Hanbury Brown and R. Q. Twiss demonstrated an interferometer that they
originally developed to measure the tiny angular size of stars against artificially created
light by a mercury arc [24]. Unlike conventional interferometers that focus on measuring
the phase correlations of two light paths, Hanbury Brown and Twiss measured the cor-
relations in intensity finding positive correlations (photon bunching) when the detectors
were close to one another. This experiment raised debate on the quantum statistics of
photonic sources, with important contributions from multiple physicists such as Roy ].
Glauber or Leonard Mandel [25] who later used these ideas to develop a quantum theory
of optical coherence [26, 27] that could describe the quantum state and corresponding
statistics of the newfound laser light. This technological development, achieved first in
1955 by Gordon et al. [28] in an ammonia maser (microwave amplification by stimulated
emission of radiation), was extended [29, 30] to the optical domain, thus obtaining a laser

2



Chapter 1. Introduction

(light amplification by stimulated emission of radiation). The invention of the laser has
revolutionized many areas, such as spectroscopy [31], interferometry [32], remote sensing
[33], atomic manipulation [34], or the investigation of non-linear optical phenomena [35,
36], finding applications in practically every empirical science.

1.2 Quantum electrodynamics in waveguides

The electromagnetic vacuum in cQED is discretized by the harmonics within the cavity
plates. Consequently, if the cavity is perfectly isolated, the decay dynamics of atoms in-
side the cavity exhibit periodic behavior: the emitted photon reflects off the cavity mirrors
and is subsequently reabsorbed by the atom. In contrast, atoms in free space experience
irreversible decay due to their coupling with a three-dimensional continuum. A hybrid
approach, achieving strong coupling to an open quantum system with minimal dissipa-
tion, can be realized by confining light with mirrors in two transverse directions while
leaving the remaining dimension open, thereby creating a waveguide.

Understanding spontaneous emission in modified vacua is particularly intriguing when
the electromagnetic fields form a band structure, as energy bands possess both continu-
ous and discrete characteristics. Although V. P. Bykov pioneered these concepts in 1975
[37], they did not gain widespread recognition in the West —presumably due to the Cold
War- until decades later through the works of Sajeev John [38-43].

These photonic band structures are present in photonic crystals [44], such as waveg-
uides with a periodic index of refraction. When one quantum emitter resonates inside one
of the band gaps, the emitted photon cannot propagate [45] and remains localized around
the emitter as an evanescent wave. This photon-emitter bound state is robust to dephas-
ing [46] and, if it is sufficiently large to overlap with another emitter, the photon can be
reabsorbed, providing a dissipation-free mechanism for interactions between quantum
emitters [47, 48].

Initially motivated by applications in laser technologies, these systems have garnered
significant fundamental interest, leading to the emergence of a distinct field known as
waveguide quantum electrodynamics (WQED). Current research topics in this field in-
clude the role of the waveguide’s dimensionality [49], the presence of one [50] or mul-
tiple energy bands [51], topological effects [52], emission by “giant atoms” [53-55], the
influence of emitter arrangements [51, 56, 57], the delay of radiation traveling between
emitters [58-63], and multi-photon dynamics [47, 50, 61, 63-70].

1.3 Experimental platforms

There are several experimental platforms for the research of wQED [71]. Every platform
has strong and weak points, but they form a substantially complete picture of the field
together. Here we describe them briefly.
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FIGURE 1.1: a, Comparison of a waveguide coupling efficiency f and number of emitters N for dif-
ferent platforms of waveguide quantum electrodynamics. b-h, Schematics of different platforms. Figure
panels a-h are respectively reproduced from Refs. [71-78] with permissions from A. N. Poddubny,
the APS, Springer Nature, and the American Association for the Advancement of Science; the
matter-wave platform (h) is contextualized by including it in a.

* Superconducting qubits [79]. They are made with superconducting electrical circuits

carrying Cooper pairs at microwave frequencies. Contrary to popular belief, the
main reason why superconducting circuits are cooled at ~ 10 mK to reduce thermal
noise and decoherence, rather than to make them superconducting [80]. Quantum
emitters or qubits in this platform consist of LC circuits with a Josephson junction.
The waveguide can be implemented with either microwave transmission lines [77]
or surfaces hosting acoustic waves (phonons) [81]. They have the advantages of
tunable couplings, individual qubit control, high coupling efficiencies® (8 ~ 0.999),
and site resolution for measurements and state preparation. Moreover, liberties in
the design of the circuit allow to couple the quantum emitters at several points along
the waveguide, effectively realizing ‘giant atoms’ [77]. Their disadvantages are their
noise, decoherence time, and that qubits are not entirely identical.

Quantum dots [73, 82, 83]. This platform consists of depositing nanoscopic semicon-
ducting particles on a nanophotonic waveguide. The particles -known as quantum
dots- are small enough to discretize the energy levels of the electrons they host,
acting as artificial atoms capable of absorbing and emitting single photons. The dot
cannot absorb two photons or more due to Coulomb blockade. Quantum dots count
with relatively high coupling efficiency to the waveguide (8 ~ 0.99), but producing
identical quantum dots with a precise and regular placement along the waveguide
is technically challenging. Furthermore, the states of the quantum dots cannot be
directly manipulated or detected as they need to be accessed through the waveg-
uide.

Vacancies in diamond waveguides. Using focused ion beams, Silicon [74] or Germa-
nium [84] vacancies can be implanted along a diamond waveguide. These diamond
defects act as quantum emitters for the light. Vacancies are less tunable in frequency

3The coupling efficiency B of a QE is the ratio between the decay into modes inside the waveguide
and the total decay of the QE, which also includes radiation outside the waveguide and the homogeneous
nonradiative decay rate [71].



Chapter 1. Introduction

than quantum dots and present poorer coupling efficiencies (8 ~ 0.5), but they are
more uniform as all share a common molecular structure. Inhomogeneities still ex-
ist from the stochastic bunching of defects, changing the local environment of the
vacancies.

e Cold atoms. A gas cloud of individual alkali atoms (like 8Rb or 133Cs) can be opti-
cally trapped near a fiber [75] or an alligator waveguide [76]. The trapping potential
is done with strong lasers that are off-resonance with the atoms, so they don’t par-
take in single-photon emission or absorption processes. Lowering the temperature
in these systems helps trap the atoms and reduce their Doppler shift. Although
these systems have the lowest coupling efficiencies (8 ~ 0.1 or 0.01), thousands of
atoms can act as perfectly identical quantum emitters. Moreover, an evanescent
tield optical lattice for the atoms can be conducted through the fiber [85] to tune
the distance between atoms. These properties make the platform a strong candidate
for the study of collective radiative effects such as inter-emitter retardation [86] or
superradiant bursts [87].

* Matter waves. This platform switches the roles of matter and light, as if making full
use of wave-particle duality, and employs optical-lattice wells as quantum emit-
ters, optical-lattice tubes as waveguides, and atomic matter waves as radiation (see
FIG. 1.1h). It was first proposed by de Vega et al. [88], further developed in Refs. [89,
90] and implemented by Krinner et al. [78] in our ultracold atoms lab at SBU. This
platform stands out for having perfect coupling efficiency (8 = 1), no thermal noise,
extremely slow dynamics, a versatile control over the initial quantum states, being
fully tunable (even while the experiments are taking place and over multiple param-
eter regimes), and simultaneously capturing the states of emitters and radiation. On
the downside, atom-atom interactions limit the coherence of the experiments. All
these properties make the matter-wave platform more suitable for studying non-
Markovian dynamics [78, 91, 92].

1.4 About this dissertation

The aim of this work is three-fold. Firstly, we give a cursory explanation of the matter-wave
platform to later present the results of our experiments. Secondly, we aim to describe and
develop complex analytical techniques that allow an exact description of wWQED systems.
Thirdly, we seek a uniform and systematic analysis of wQED phenomena while tracing
back their physical origins whenever possible.

This dissertation is structured as follows. Chapter 2 is dedicated to describing in depth
the matter-wave platform. In 2.1 we explain how to ultracool atoms and in 2.2 we explain
in detail how to execute wQED experiments using them. Chapter 3 is dedicated to the the-
ory behind wQED. In 3.1, we present the Markovian emitter, in 3.2 we explain coupling-
induced non-Markovain effects, we study the role of the emitter size in 3.3 and photonic
band structure in 3.4, in 3.5 we look at array effects from multiple emitters, and in 3.6 we
investigate the effects of multiple excitations. Chapter 4 is reserved for conclusions.


http://ultracold.physics.sunysb.edu/

Chapter 2

Creation and manipulation of ultracold
matter waves

In his doctoral dissertation of 1924 [93] and inspired by Planck and Einstein’s ideas on the
dual wave-particle nature of light, Louis De Broglie hypothesized wave-like properties
for particles, challenging the classical view of matter. Experiments like electron diffraction
[94, 95] soon confirmed his idea, solidifying wave-particle duality as a pillar of quantum
mechanics.

Bose and Einstein’s theoretical work [96] on bosonic statistics in 1924-25 laid the ground-
work for Bose-Einstein condensates (BECs). These exotic states, where bosons colloqui-
ally occupy the same quantum state at ultracold temperatures, remained experimentally
elusive for decades. Six decades later, pioneering laser cooling techniques [97] paved the
way for the first BEC of rubidium atoms in 1995, achieved by Cornell and Wieman [98]
and shortly thereafter by Ketterle [99] with sodium. These landmark experiments opened
a new era, allowing for the manipulation of ultracold matter at the quantum level.

2.1 Preparation of a Bose-Einstein condensate

In this section, we explain in broad terms how we prepare BECs in our ultracold atoms
lab, which is to date the only lab that has realized the matter-wave platform for wQED.
This is by no means the state of the art in Bose-Einstein condensation [100-103], but it
serves as an introduction to the elements involved in these experiments. For further tech-
nical details, see Ref. [104] or past PhD dissertations from our group [105-108].
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FIGURE 2.1: Ultracooling process inside the vacuum chamber. A broken ampoule with solid Rb
inside an oven (1) fills the vapor cell (2) with sublimated rubidium gas. A magneto-optical trap
starts the cooling process, which continues after transport (3) to the ultra-high vacuum of the
science cell (4), where evaporative cooling takes place until a BEC is formed. Adapted from [104];
the components are not to scale.

The cooling procedure consists of the following steps (see FIG. 2.1):

@ The rubidium oven is a part of the vacuum chamber
2 with a 8Rb ampoule that was broken after creating the vac-
- uum. %Rb sublimates at room temperature, but additional

i\:\ heating can be applied through small coils wrapped in alu-

minum foil for additional control of the vapor pressure (~
10~8 mbar).

@ The rubidium gas fills the vapor cell, where two
large coils made of hollow-core copper tubing and six
laser beams are activated to produce a magneto-optical trap
(MOT). The coils run a strong current in anti-Helmholtz
configuration and filtered water for cooling. The beams
have the circular polarizations indicated in the right fig-
ure. Around 10'" atoms are trapped and Doppler-cooled
to a few 100pK in the MOT. Then, the coils are tem-
porarily switched off to further cool the rubidium to ~
50 pK through optical molasses (Doppler and Sisyphus cool-

ing).
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@ The rubidium cloud is transferred
. into a quadrupole magnetic trap and
mechanically transported to the science
cell, which is kept at an ultra-high vac-
uum (~ 10712 mbar) and has additional
coils used to realize a magnetic time-
orbiting potential (TOP), and for fine
control of the static magnetic bias field.
In the TOP trap, the atomic cloud is
brought close to quantum degeneracy
using radio-frequency evaporation.

@ Inside the science cell, the atoms are transferred
to a crossed optical dipole trap (XODT), created with
two strong orthogonal laser beams. With a wavelength
A of 1064nm, the laser beams are detuned off reso-
nance with the 8Rb absorption spectrum so that they
neither heat nor disturb the internal level structure of
the atoms, but they are strong enough to hold the atoms
in place by creating a harmonic trapping potential of fre-
quency w; ~ 27t X 60Hz. Then, the cloud is evapora-
tively cooled below the critical temperature (~100 nK)
by lowering the depth of the XODT. Typically around
2 x 10° atoms or less survive this process.

The temperature and momentum distribution of the atoms are measured through
time-of-flight (ToF) pictures, which consist of absorption images of the atomic cloud as it
falls and expands after switching off the XODT. The Bose-Einstein condensation is char-
acterized by the appearance of a strong peak at zero momentum in the ToF pictures (see
FIG. 2.2).

T=410nK T=200nK T=30nK

FIGURE 2.2: Bose-Einstein condensation. ToF pictures of the Rb atomic cloud at different tempera-
tures. A purely thermal distribution (left) transforms into a bimodal distribution (center) with the
appearance of a strong central peak, which represents the BEC and dominates the distribution at
ultracold temperatures (right).
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2.2 Experiments on matter-wave emission

2.2.1 State preparation

Depending on the particular experiment, the preparation of the initial state changes. In
most cases, one starts by retroreflecting the XODT beams. This produces an optical lattice
of vertical tubes that confine the atoms in 1D and increases the harmonic confinement
w. Then, an additional state-dependent optical lattice (SDOL [109]) is activated along
the z direction. At a wavelength A, = 790.0nm, 3’Rb atoms in the “blue” internal state
|b) = |F =2,mp =0) do not feel the SDOL at all, while atoms that are in a “red” in-
ternal state |[r) = |F =1,mp = —1) get trapped in the wells of a potential of the form
S,.E, sinz(krz), where E, = hw, = (k,)?/2m is the recoil energy and k, = 271/ A; is the
recoil momentum of the lattice [51]. Tuning this wavelength, one can also generate a pos-
itive (s, E, sin(k,z) > 0) or negative (s, < 0) potential for the blue atoms.

\

FIGURE 2.3: Preparation of the QEs. Optical lattices produce a Bose-Hubbard model inside isolated
vertical tubes (typically represented horizontally) for the |r) hyperfine state of 3 Rb atoms.

This results in a 1D Bose-Hubbard model for the red atoms (see FIG. 2.3),
N . R 1. ..
Hpy = ) —hJajajq — pi; + S Ui(#; = 1), (BHM)
J

where ﬁ](.ﬂ is the annihilation (creation) operator of a red atom in lattice site jand 71; = d} aj

is the associated number operator [110]. The hopping rate and interaction energy for a

9
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SDOL of depth s, > 1 are

46(7,« 3/4 -2 Azarr 1/4.1/2
J=—=s/%"2V5%  and  U=4V21-5"Es)/ Y2, (2.1)
NG Az

where the scattering length a,, for |r)-|r) collisions in 8Rb is about a hundred times the
Bohr radius ag [106]. Hence, by controlling the depth s, of the SDOL and the depth s; of
the transverse lattice (measured in its own recoil units) we can control | and U indepen-
dently.

These lattice sites will represent quantum emitters in our experiment. In the case of
bringing the BHM to a Mott-insulating regime with a single atom per site, the state of the

system
[ 14 0) (2.2)
J

simulates a fully inverted array of QEs [92]. In the superfluid regime with negligible
interactions (U < J), the M atoms distribute (each) uniformly over the N lattice sites in a
macroscopically-populated timed Dicke state [111]

M IN/2)
MITV2 (a8 )T 0)  where  ahy=NTV2 Y cal  (TDS)
j=|1-N/2]

of zero phase lag (¢ = 0). This phase lag can be further controlled via Bloch oscillations:
switching off the XODT momentarily for time ¢g, the atoms feel the gravitational acceler-
ation g but cannot fall due to the SDOL holding them in place. They do, however, acquire
a lattice momentum g = —2k,tg /1 where 13 = 27t/ (mgd) = 1.2ms is the Bloch period
and d = A, /2 is the interemitter distance. This establishes a constant phase lag ¢ = gd be-
tween the emitters that can be timed to the phase delay experienced by the matter waves
traveling from one emitter to another [92].

Another possibility is to investigate the single excitation case by sieving off most of the
atoms. For this purpose, ~ 82% atoms in the Mott insulating regime are transferred to
an auxiliary hyperfine state |F = 2, mp = 1) before removing them with resonant light on
the D, cycling transition (F = 2 — F’ = 3) [78]. The remaining atoms are stochastically
localized in single lattice sites with a low probability of having neighboring atoms nearby.
Labeling the occupated site as j = 0 results in the state

ad |0y . (2.3)
2.2.2 Time evolution

In experiments on matter-wave emission, time starts and stops by switching on and off
the microwave (see FIG. 2.4). This is because the microwave couples the |r) and |b) states

10
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—
—

—
=

FIGURE 2.4: Experiments on matter-wave emission. A microwave antenna radiates (represented as
a green light) over the science cell, inducing Rabi oscillations of frequency () between the red
and blue states. In the illustrated case, microwave radiation with () = 0.6w, and detuned by
A = 2.25w, has been acting for 200 ps on a timed Dicke state ﬁI.Skr,ll |0) (red balls) trapped in a
SDOL of depths s, = 8 and s, = 0. The resulting radiation (in blue) is strongly directional and
similar to a plane wave of momentum g = 1.5k,. The top-right inset shows the marked unit cell of
the system amplified; the transverse section of the radiation represents its phase on the complex
plane C resulting in a characteristic corkscrew shape. This shape helps visualizing how for a
quantum plane wave a phase rotation (speed shades in the inset) is equivalent to having a linear
momentum (blue arrow).

so that a red atom can become blue and be spontaneously emitted from the SDOL lat-
tice well and a blue wave can become red and be spontaneously absorbed by the wells.
This makes the lattice wells an ideal array of matter-wave QEs that are identical and
equispaced. Since an atom needs to absorb a single microwave photon to be emitted,
the microwave frequency detuning A from the resonance between the hyperfine states
(including zero-point energies induced by different potentials) takes the role of emitter
energy, 1A. Similarly, the microwave power affects the Rabi frequency Q) of the |r)-|b)
oscillations, resulting in a vacuum coupling

8jq = Q{@jlq) /2 (2.4)

that accounts for the overlap between the Wannier state |g0]-> of the j-th red lattice site
and the blue Bloch wave |¢;) of lattice-momentum ¢ in the extended zone scheme, g €

11
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(—o0, 400). This establishes a Weisskopf-Wigner Hamiltonian

A/h=)_ Aaja; + ;wqi;;l}q + 3 (81,48} bg + 874 058)) (WWH)
J 14

for the emission of matter waves whose dispersion relation w, depends on the blue lattice
depth s,. We adopt the convention of Bloch waves being normalized (even when they
represent plane waves) to a single Brillouin zone (BZ), resulting in the explicit form ), =

jozo ;Tq for the sum of modes [51]. We make the experiment insensitive to the residual

harmonic confinement of the XODT by restricting the evolution times to be lower than
3 ms, corresponding to the quarter trap period 77/ (2w ).

A useful alternative to suddenly turning the microwave on is to do so adiabatically
and excite an isolated state. In our system, these states correspond to evanescent matter
waves bound to the QEs and for weak couplings (0 < () < ming|A — wy|) their frequency,
that dwells in the gaps of the dispersion relation w;,, can be approximated by A. The
adiabatic theorem [112] then states that the adiabatic excitation of these states is possible
if

0/a <« mqin]A — wy. (2.5)

In practice, however, a perfectly slow increase in parameters is never possible due to
limiting factors like fluctuations of the magnetic field, drifts in laser power, or heating
due to atomic interactions. Therefore, small contributions from other states are to be
expected. As these manifest as oscillating deformations of the bound state distribution, a
practical way to measure the bound states is to measure them after various holding times,
corroborate that the distribution doesn’t evolve significantly (an unequivocal sign that we
have excited an eigenstate) and time-average the resulting distribution to minimize the
effect of these deformations. This idea, proposed by the author and implemented in [91],
serves a double purpose without increasing the amount of data-taking since averaging
over multiple measurements is required anyway to reduce experimental uncertainties.

2.2.3 Measurement

To measure the state of the system, the existing optical lattices might be turned off sud-
denly for the sake of measuring the momentum distribution of the atoms in a ToF picture.
This results in the matter waves’ diffraction, manifesting as various separated peaks for
Bloch matter waves |,). Doing so in a short pulse (Kapitza-Dirac diffraction [113]) is
particularly useful for calibrating the lattice depths (s,, s, and s ) and, in case of them
being too small, the process of switching on and off the lattices can be repeated periodi-
cally (Talbot-enhanced interferometry [114]) for higher accuracy.

Alternatively, the lattice depths can be reduced adiabatically to maintain the lattice
momentum ¢ of a Bloch wave up to the point when the lattice is no more and the lattice
momentum becomes a linear momentum. The subsequent ToF picture reveals a single

12
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peak centered at 4. This technique is known as “band mapping” and it allows taking ToF
pictures in lattice-momentum space.

To further distinguish the internal state of the atoms, the quadrupole coils produce
a magnetic field gradient that results in Stern-Gerlach separation [115] of the hyper-
fine states during ToF. Since the different hyperfine states of 8 Rb are energetically sep-
arated by a magnetically-induced Stark shift [116], these measurements can be comple-
mented with microwave pulses that distribute the atomic population over unused hy-
perfine states for precise in situ magnetometry [117]. Furthermore, the ToF absorption

imaging is also state-selective, to be able to separately detect |r) and |b) atoms!.

1For more details, see method sections of either of Refs. [78, 92, 118].

13



Chapter 3

Waveguide quantum electrodynamics

Waveguide QED, which focuses on the interaction between photons propagating in a
waveguide and localized quantum emitters [71], represents a novel paradigm for light-
matter interactions within an open quantum system in which strong coupling, emitter
size, bath structure, and delays can break the radiative conditions that emitters usually
encounter in free space. This chapter studies these characteristics, which intertwine the
excitations of the quantum emitters and the guided radiation modes to form complex
photonic dynamics.

The work described in this chapter is derived from publications [51, 70, 90, 92, 118] produced
by our group during my doctoral research. It is also influenced by earlier works from our group,
specifically Refs. [78, 90]. Portions of the text in this chapter resemble or may replicate the original
text from Refs. [51, 70] and the Appendix “Spectral structure and bound states in the continuum
(BIC)” in [92] which were devised, calculated, and originally written by me. This replication is
done with permission from all the co-authors.

3.1 The Markovian emitter

FIGURE 3.1: A Markovian emitter of energy hA decays at rate I by emitting waves of quasimomen-
tum £¢ in a waveguide.

An early achievement of the quantum theory of light was the capacity to compute
spontaneous decay rates [9], which escaped semiclassical theories. Here we review how
this was achieved by considering a single quantum emitter of excitation energy A with

14
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a coupling ¢ to a 1D waveguide that guides g-modes with a dispersion relation w,. The
dynamical evolution of the system is given by the WWH for a single emitter,

fi/n = ad'a+ 1 (cogbiby + g5 + 828y (3.1)

where a7 = af and ﬁ}r = [17) (0] are fermionic creation operators and 13:; = |1Z> 0] +

V2 |23 ) (13 | 4 ... are bosonic ones. H conserves the number of excitations, simplifying the
analysis tremendously. In particular, expanding the state of the system in a sub-basis for
a single excitation

¥ (1)) = A(t)a* |0) +ZBq (£)b5 |0), (3.2)
the Schrédinger equation
zh% ¥) = A|¥) (SE)
in terms of these coefficients takes the form

{ iA=AA+gY,B,

iBy = wyBy + gA (3:3)

with A(0) = 1and B;(0) = 0 for an spontaneous emission process.

Working in terms of the corotating coordinates ¢/ A and ¢/“s ‘B, this can be rewritten

a i / /
a( FMA() > 28 / (A=) (t=) it 4 (1) g. (3.4)

as

The Weisskopf-Wigner approximation consists of replacing e’ A(t') — e A(t) on the
RHS and is based on the assumption that this corotating coordinate doesn’t change signif-
icantly during the interval ¢’ € [0, t]. This is a type of Markovian approximation because
the dynamics at ¢ are considered to depend only on the conditions at ¢, and not on the
whole trajectory of A(t') for all 0 < ' < t. This is often colloquially expressed as the
system not having memory of the past and is also associated with the irreversibility of the
spontaneous emission process.

With this approximation, the equation becomes

. t A t/2
%(elAtA(t)> —27g%e M A(t) Ze (A—wq)t/2 sinc(( anq) /2) (3.5)

or in terms of the density of states,

plw) = 2dq(w)/dw, (DoS)
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it becomes

0 [ inr g MA( el A=)t/ 2 ginc((A — w)t/2)
3 (e A(t)) e /w]R - p(w)dw, (3.6)

where wr spans the whole frequency spectrum of the waveguide. The fraction in the
integrand is a nascent Dirac delta as t — oco. This means, that if A is resonant with the
interior of the continuum wp and ¢ is large enough for this fraction to be strongly localized
in a part of the bath that has a fairly uniform density of states, then the integral can be
approximated by p(A) to obtain

% GZOE ——ngzir(A)eiAfA(t). (3.7)
The solution for this equation is
At) = e~ (T/2Fib) (3.8)
with a decay rate
I'= @ (FGR)

This is known as Fermi’s golden rule [119]. Reintegrating in (3.3) the field amplitudes of
the modes,

o~ (T/2+ib)t _ p—icwgt
Byt) = 83—, —irz (3.9)
which has an asymptotic Lorentzian emission spectrum
2
By (£)2 25 § (3.10)

(A —wy)?+T2%/4

centered at A with full width at half maximum I'. These properties are compared with
experimental data in FIG. 3.2.

The Markovian approximation, although broadly used (sometimes in very creative
ways [120]), leads to paradoxes [59] when used outside its range of applicability. One can
see such contradictions for instance by comparing Eqns. (3.3), which gives % (e'DA(H)) =
0 att = 0, with (3.7), which predicts a non-vanishing value.

In fact, the violation of the Markovian approximation at very short decay times can
be reasoned in multiple ways: let’s say that a single emitter is weakly coupled to a single
band, tuned deeply inside of the band continuum. These conditions allow for the appli-
cation of the Markovian approximation. At sufficiently short times, however, the time-
energy uncertainty principle will not allow the emitter to resolve the band from a single
state; so the initial dynamics will follow a simple Rabi oscillation between two states [91].
In a reciprocal picture, if the photonic band is created by a coupled-cavity array [50, 55,
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FIGURE 3.2: Markovian emission of atomic matter waves from a single QE. a, The predicted decay
(solid line) is exponential. The data (points and error bars from [91]) correspond with matter-wave
decay to the center of an approximately-single band (s, = 20 and s, = 2.5) of half-width 2] = 27 x
0.92kHz. The coupling ¢ = 0.36] implies via (FGR) a decay rate I' = 2¢2/w, that fits well with
the observation. b, Asymptotic Lorentzian emission profiles (blue lines, from Eqn. (3.10)) into free

space (s, = 30 and s, = 0) at different detunings. Below them are the corresponding ToF pictures
taken after applying a microwave with Rabi frequency () = 27t x 1.5kHz for t = 0.4ms [78].

121-123], at very short emission times the radiation has not noticed the presence of neigh-
boring cavities, so the initial dynamics is a cavity-dressed Rabi oscillation.

The slow propagation of matter waves makes them suitable for measuring this viola-
tion at short times, which was first demonstrated in [124] with ultracold atoms in accel-
erating optical lattices and later seen more clearly in [91] with the matter-wave platform
tor wQED. More recently [125], a competing platform with acoustic waves [126] has also
observed this effect.

The Markovian approximation simplifies enormously the dynamics, but understand-
ing when or how the approximation is applicable is very difficult. For instance, in Sec. 3.4
we discuss a system with strong Markovian traits in a strongly non-Markovian parameter
regime. Moreover, it has been argued recently [127] that “non-Markovianity is physically
undecidable and extremely counterintuitive, since its features can change at any time,
without precursors”. Simple examples of this can be achieved by placing a mirror at some
distance from a Markovian emitter [58], making a loop in the waveguide, or similarly cou-
pling the waveguide to a ring resonator [128]. Then the emitter decay is Markovian until
the emission comes back to it and is partially reabsorbed. We approach these difficulties
by solving the decay dynamics exactly, gaining an integral understanding of the wQED
systems.
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3.2 Effects of strong coupling

FIGURE 3.3: A strongly coupled emitter (§ > A > 0) whose coupling exceeds the detuning from the
edge of a PDR can not only emit waves but also bind them.

As the coupling g increases, the validity of the Markovian approximation is compro-
mised when ¢ becomes comparable to the detuning from the nearest continuum edge,
as the edge starts participating in the decay dynamics due to power-broadening. The
dispersion relation in waveguides around these edges is typically parabolic

wg = we (q/ke)*, (PDR)

and exactly so for our case of reference of matter waves moving in free space (s, = 0).
These edges (w = 0 in this case) have a diverging DoS

— kr
p(w) = NG

which is incompatible with the application of FGR at A = 0.

(3.11)

The most extended method [45, 88-90, 129, 130] to go beyond the Markovian approx-
imation starts by Laplace-transforming Equations (3.3). Here, we will be consistent with
Refs. [70] and use a tilde to denote the Wick-rotated Laplace transform of a function,
f(w) = —iL{f}(—iw). This choice is motivated by Ref. [51] and mainly differs from
the broadly used [45, 88-90, 129, 130] Laplace transform L{f}(s)= [, f(t)e *'dt in the
change of variable w = is, that brings this complex variable closer to its physical meaning

of a frequency. Indeed, with this choice the inverse transformation is given by

1 +oo+i0T ity -
ft) =—5— /—oo+i0+ flw)e ™ dw, (IT)
which is closer-looking to a Fourier transform but has a displaced integration contour
that avoids all the complex singularities of f(w) on the real line. Transforming (3.3) reads
as

{ wA—leAnL;quq (3.12)
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which can be directly solved as

i 1
{ 1:1 T w—A+HIG(w) (3.13)
By = (w—wy) (w=A+iG(w))’
where ) ig2
Glw) =) if w ¢ wr (3.14)

is the transformed bath correlation function! [51, 89, 90]. For the PDR, this simply be-
comes L,
x —TTig

Gw) = —F———.

(w) 2/ —ww,

In this type of analysis, the location of the branch cuts in the complex plane is crucial

(see FIG. 3.4a). We will use the square roots that have the branch cut to the left of the

origin (more specifically arg /w € (—m/2,71/2] for all w € C), which requires careful

use of the multiplicative properties of this function (e.g. /—w\/wr = /—ww, # i\/wwy).

Since the initial state is a localized one, simulating the system for short evolution times
is not a problem. The complication is to know the evolution at large times (w,t > 1) or the
asymptotic dynamics (wyt — o), for which the IT has a poor choice of integration con-
tour because the integrated is rapidly oscillating and slowly decaying. A smarter choice
of contour requires to analytically continue A(w) in a way that the horizontal branch cut
[0, +00) becomes the vertical [0, —ico). In this case, this can easily be done by the replace-
ment /—ww, = (1 —1)v/—iww,/2in (3.15). Despite the abuse of language, we use again
A(w) to denote the new function. Then the residue theorem can be used to readapt the
integration contour to the singularities of A(w) (see FIG. 3.4a) resulting in the expression

e~ iwpt 2(1 —i)y/27w, _
A(t) = / e dry, 3.16
g ; 1 e 47wr A+w)2+lﬂ2g ! (316

4wp \/ —21wpcur

(3.15)

where p runs over the “upper” poles of A(w) (i.e. the ones on the relevant Riemann
sheet, not the ones beyond the vertical branch cut), that we assume to be simple and not
belonging to the cut [0, —ico). The advantage of this integral expression is that it has
excellent convergence properties, due to the quadratic increase /27w, at small 7y and the
exponential decrease e~ at large y. Furthermore, the convergence only improves as t
grows until a series expansion of the algebraic part of the integrated leads to

ORI ) i
=1 m(14i)g? ﬁns/zgztsa/z'

dwp/ —Ziwpwr

1Despite our choice of labels, in thg Green'’s function formalism for wQED [68] A(w) is closely related
to the QE Green'’s function, whereas G(w) is closer to the definition of a self-energy, in which the excited
QE emits a photon only to reabsorb it immediately.

(3.17)
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FIGURE 3.4: Non-Markovian decay of a single emitter coupled to a PDR. a, Domain coloring plot of
A(w) for g = A = w,. The integration contour of the IT (white solid line) can be readapted
to circle around the bound state frequency (in dark red), the continuum edge (dark green), and
the exponentially-decaying state (dark blue). b, Decay curves |A(t)|? of the emitter at coupling
g = wy and variable detunings. Highlighted as white lines are cases A = —8w, at which the
contribution of the bound state is dominating, A = 0 with dynamics dominated by the continuum
edge, and A = 8w, which is roughly exponential decaying. Figure readapted from [90]. ¢, Decay
data (in red) of a single initially populated emitter radiating matter-waves into free space (s, = 30
and s, = 0) at parameters () = 271 x 3.0(3) kHz and A = —27t x 1.7(3) kHz. The curve (in gray)
corresponds to the theory for a single emitter [90], for the fitting parameters Q) = 271 x 2.79(4) kHz
and A = —27m x 2.08(3) kHz. Figure panel b is adapted from [90] and c¢ is reproduced from
Ref. [78] with permission from Springer Nature.

This indicates that the poles wp € R are undecaying, i.e. they represent bound states
(BSs), the ones with Im wp < 0 are exponentially decreasing in time, as in the Markovian
limit, the ones with Imw}, > 0 are not physical, so if they exist they are located in the
“lower” Riemann sheet?, and the edge of the continuum -responsible for the integral
in (3.16)—represents algebraic decay of order 3/2. Although all these elements participate
together in the dynamics, as we vary A (see FIG. 3.4b) the dominant role goes to the
singularity that is most resonant with the detuning.

In particular, if 0 < ¢/w, < A/wy then A(t) ~ e~ wpt with wp ~ A — 1'7T—g2 recover-

2v/Aw,’
ing the Markovian approximation of Section 3.1.

2See FIG. 3.18 for an example.
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The simple functional dependence of A(w) allows for counting the number of poles
as a function of g and A. According to (3.13), these poles are the roots of the polynomial
gt
4w, ’

(wp — A)zwp + (3.18)
so there are at maximum 3 poles. The polynomial changes sign for wp, € (—,0), so there
must be a pole in this gap®. This argument also holds for the denominator w — A +iG(w),
which increases monotonically, so always one (and only one) of said poles is an upper
pole, i.e. it represents an atom-photon bound state [37, 40] in the gap. The polynomial
is always positive for wp, € [0, +-00), so there are no bound states in the continuum [131].
Therefore if the remaining two poles are real, they are negative and do not contribute
physically. If they are complex, they must be complex conjugates because the coefficients
of the polynomial are real. In this case, only the one with a negative imaginary part can be
an upper pole, since the other would imply an exponential growth —rather than a decay-
in (3.16). This growth cannot be physical because |A| > 1 violates the conservation of
the norm of the quantum state (due to the Hermiticity of the Hamiltonian). A little bit of
analysis reveals that for A = —1¢ {/72¢/w, the Markovian pole intersects the branch cut

atiA € (0, —ico) and becomes an upper pole for A > —1¢ 3/72g/ wy.

An analogous analysis can be done for Bq (see FIG. 3.12c), but looking at (3.13) we
quickly realize that the singularities are the same as for A with the exception of a real
pole at w,, that does not represent a bound state but an emitted wave of quasimomentum
g that has entirely left the emitter. This is no coincidence. The function w — A + iG(w) is
a fundamental characteristic of this system and it would appear in one form or another
regardless of the basis chosen for the single-excitation sector.

To understand this better, notice that the transformed Schrodinger Eqn. (3.12) takes
the form
w[¥)—¥(0) =r"H|¥) (TSE)

in a basis-independent notation. The solution is

%) = (wi — A/R) " [¥(0)). (3.19)
Determinants of infinite matrices are not generally well defined, but if the Hamiltonian
was finite-dimensional, the Cramer’s rule for the inverse would allow us to identify
det (wl — H/h) « w — A +iG(w). So, in many ways, we can think of this function as
the characteristic polynomial of the Hamiltonian restricted to the single-excitation sector,
which is basis invariant.

To further find the spatial properties of the bound states, we can solve the eigenvalue
equation
w|¥)=rTHY). (3.20)

3In consistency with [51], I will use the term ‘gap’ to refer to any energetically-forbidden connected
region of the dispersion relation, including the unbounded region below a PDR.
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The formal similarities with the TSE can be used, as we will see in Sec. 3.6.7, to recycle
the solution (3.13) from the transformed field amplitudes. This is particularly useful for
higher excitation numbers [70] where the solution becomes extremely long and involved,
but for one emitter with one excitation the solution simply reads

B, = 84 (3.21)

where A can be computed (or not) as a normalization factor and w is the frequency of the
bound state that we computed above. Given the PDR, this is a Lorentzian dependence in
momentum space and an exponentially localized state in position space*

By=Y 8 /&eiqx _ .84 n_kre—\/T/er‘rx‘ (3.22)
Tw—wg VT 2 —Wwy

(notice that v/ —w/w, > 0 since the bound-state frequency is negative). This distribu-
tion can be seen as an evanescent plane wave® By « ¢*7(“)¥ with a complex momentum

g(w) = kevw/wr.

The first direct picture of such a bound state was taken in 2018, with the matter-wave
platform [78] via adiabatic generation of the state. The state was further proven to be
bound to the emitter by showing that it does not fall when the center of the weak har-
monic trap is displaced. The data from this paradigmatic experiment (which preceded
the author’s time in the lab) is presented in FIG. 3.5.

3.3 Effects of the emitter size

Quantum emitters have a size agg that is typically much smaller than the wavelength of
the emitted radiation (kagr < 1), motivating their treatment as point-like®. This approx-
imation is responsible for a sharp vertex at the center of the bound state (see Eqn. (3.22))
that is often represented in the literature (see e.g. the introductory figures in [47, 50, 122]),
while one can argue that the evanescent wave only decays exponentially after leaving the
reach of the emitter . The implementation of giant atoms (kagr ~ 1) with superconduct-
ing qubits [77] has demonstrated that artificial systems can also break this approximation.
While a creative proposal has been made to realize giant atoms [134] in the matter-wave
platform via a fast shift of the optical lattices, the size of the emitter in the experiments
described in Sec. 2.2

keage = s, /4 (HOL)

4In this chapter we will use the x coordinate to denote space to avoid confusion with a generic complex
number, although we remind that the matter-wave experiments were conducted in the vertical z direction
(see Sec. 2.2).

50ur use of the term “evanescent wave” is reserved for functions of the form e=7%, which differs slightly
from the use given in [90], which we study in the next section.

®This is commonly known as the dipole approximation in quantum optics [132, 133].
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FIGURE 3.5: Evanescent matter waves bound to a QE. a, Illustration of separation of evanescent and
propagating waves along the weakly confining tube axis. As the harmonic confinement (black
curve) shifts its equilibrium position (from the dashed to the solid lines), matter waves that are
bound to the emitter remain locked in place, whereas emitted waves accelerate toward the new
equilibrium position. b, Spatial form of the rescaled field amplitudes for the |r) atoms (red dashed
Gaussian ¢(x), s, = 30) and the evanescent |b) atoms (blue, solid doubly-decaying exponential
By, sp = 0) for the created bound state. ¢, ToF pictures displaying raw emission data for a sud-
den (left) and adiabatic (right) turn-on of the microwave coupling with Q) = 277 x 3.0(3) kHz and
A = —27m x 2.2(3) kHz. d, After processing the data and averaging over 50 runs, the atomic distri-
bution of the |b) atoms emitted adiabatically (filled blue dots) fits well with the expectation « |B,|?
(gray solid line, originally predicted in [90]) for a Ay = —27 % 2.1(1) kHz. The analogous mea-
surement of the atomic distribution for a sudden microwave turn-on (empty dots) is composed
of both bound and radiated waves. The difference between the two data sets (triangles) has an
average momentum 0.80(1)%k, whereas the expected for an atom free from the influence of the QE
is 0.83(7)nk,. Figure reproduced from Ref. [78] with permission from Springer Nature.

is not that ‘gigantic’ but still comparable to the de Broglie wavelength of the emitter radi-
ation.

For a deep red lattice (s, > 1), the wavefunction of an atom that is resting at the
parabolic bottom of one of the lattice wells

S, E, sinz(er) ~ sqEr(kex — 7'cj)2 (3.23)
is approximately a Gaussian Wannier function [90]

1

) — (x — dj)?
¢j(x) = 711/4—111Q/EZQXP <—% (GWEF)

where we have identified the emitter size agr with the harmonic oscillator length (HOL).
The effects of the emitter size enter the WWH through the momentum dependence of the
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coupling g; ;. Combining the harmonic approximation with s, = 0, Eqn. (2.4) yields’

kea E 1 iadi
8jq = O 2;;1%2 exp (—quaéE) e/, (3.24)

Here, a broad Gaussian envelope embeds the effects of the emitter size agr and becomes
constant only in the limit agg — 0. Intuitively, if the wave performs multiple oscillations
within the emitter, it will self-interfere suppressing its coupling to the emitter. In contrast,
the complex phase ¢/1%/ can be ‘gauged out’ if there is a single emitter by taking the natural
choice of placing the coordinate origin at the emitter (for which we omit the subscript
j = 0), but if multiple emitters are considered it plays a crucial role by encoding the phase
retardation that a wave of momentum g experiences traveling between j + 1 adjacent
emitters.

For the case analyzed in the previous section, the finite emitter size has two main
repercussions. The transformed bath correlation function

~ w fc (k \ — W/ wy
G(a)) _ Z |g5] _iﬁQZkraQEef(kraQE)zwr ertc ( rAQE / ) (3.25)

oW —wy 4./ —wwy

| 2

(where erfc(x) =2/+/7 |. xoo exp (—y?) dy is the complementary error function) makes the
analysis of the spectrum a lot more complicated but without qualitative changes. This
situation contrasts with the multi-emitter case (see Sec. 3.5), in which even a small emitter
size can drastically affect the spectrum at a qualitative level.

Secondly, the distribution of the bound states is also affected by this g-dependent
change in coupling. As illustrated in FIG. 3.5b, such BSs have a |r) part with spatial
amplitude A¢(x) that is proportional to the GWF, and a |b) part whose amplitude is

ke jigx _
By = Zq w— wq \/;Equ o
1/4 — —
— - AQk, wa exp< “’kzaQE kexy /=2 > erfc(ﬁT’;E +keagg/ 2—(2‘:) + (x> —x).

(3.26)
Integrals in (3.25) and (3.26) are not simple, yet crucial for the analytic continuations. The

procedure to solve both integrals is oddly similar and outlined in FIG. 3.6. The above
formula is best understood as the convolution

By o @(x) s g™V @/ @rlkix| (3.27)

between the Gaussian emitter and the evanescent wave from (3.22). The evanescent wave

dresses the QE with a smooth hood wrapping around it and an exponential skirt falling
off it (see FIG. 3.5b).

"Differences with the value listed in Ref. [90] stem from the different choice in normalization for the
plane waves.
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Systematic studies of the dependence of matter-wave emission on the emitter size
have not so far been realized. The main difficulty is technical, as the fourth root in (HOL)
greatly reduces the sensitivity of agg on the depth of the SDOL, which has limited power
in itself®.

D s [ e e

FIGURE 3.6: Schematics of the intermediate steps omitted in the integrals (3.25, in black and white)
and (3.26, in black). Ideas based on Ref. [51].

3.4 Effects of a band structure

FIGURE 3.7: A single QE coupled to a structured medium. The periodic change in the index of
refraction causes a band structure for the photons traveling through the waveguide.

A central topic in the study of waveguide-QED systems [45, 129, 135-137], are the
drastic modifications to the emission process caused by manipulating the mode distri-
bution of the radiation [37, 39, 138]. It is of particular interest when the mode spectrum
contains forbidden regions (gaps) and allowed bands as it encompasses both the aspects
of the continuum, like in the case of free space, and the aspects of discrete spectra, such
as emission into a cavity.

The difficulty of a multiband analysis has led to the use of different assumptions.
Creatively, Ref. [37] assumed a waveguide with an index of refraction that is piece-wise
constant (see FIG. 3.7). Since the resulting Bloch waves are piece-wise plane waves, this
system can be analyzed exactly.

Another assumption could be to consider an emitter that is only spectroscopically res-
onant with one band edge. In this case, the latter can be approximated with the parabolic

8The achieved SDOL depth was s, < 30 in previous experiments [78, 91, 92, 118].
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dispersion relation (PDR), matching the analysis of previous sections. This is also natu-
rally the case for matter waves emitted into free space [78, 88, 90].

Lastly, another common approach [50, 70, 91, 139] is to consider the potential for the
waves to be so deep that only hopping (of rate J) between neighboring sites is possible.
Then the dispersion relation becomes a single band

wy = —2] cos(qd) (SB)

with DoS ok
plw) = ——e (3.28)

VAP — 2

and a lattice momentum g € (—k, k.| restricted to one BZ.

In this section, we show what we consider to be an elegant approach that allows for a
common efficient treatment of generic band structures in and beyond the real line, as far
as a 1D periodic potential induces them. Then we will describe emission into such a band
structure. This section mostly adheres to the findings presented in [51].

3.4.1 Lattice functions on the complex plane

Imaginary numbers were born and named after something that cannot be real, yet they
have very physical consequences. And complex analysis is, oddly, the simplest of anal-
yses. The band structure of a periodic system is a striking example of it, since it seems
to be composed of an infinite number of bands {w,(q)};._; that, when extended to the
complex momentum plane, unveil as fragments of a common function (see FIG. 3.8).

It is, in fact, a necessity to evaluate different lattice-related functions in the complex
frequency plane for the use of the IT. This is challenging since some of these functions,
such as the lattice momentum g(w), are multivalued and some others, such as the Bloch
waves §,(,)(0), are physically defined only up to a phase factor. In this subsection we
develop an efficient way of doing so via an infinite-product representation. These apply
to any 1D potential, although we will focus on the sinusoidal potential

Viy(x) = spE, sin®(k,x) (SP)

for |b) matter waves for the sake of concreteness. Furthermore, we warn the reader that
although mathematically we interpret the recoil units (E,, w,, and k) as the natural units
of the problem, in practice they change with s; as the wavelength of the SDOL is tuned
out of the magic condition s, = 0 [109]. Their values should therefore be calculated on a
case-to-case basis and will differ slightly from those in the List of Physical Constants and
Characteristic Quantities.
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FIGURE 3.8: Analytic continuation to complex quasimomenta (g € C) of the band structure induced
by a sinusoidal potential (SP) of depth s, = 10. a, Domain coloring plots of the three lowest energy
bands. The height corresponds to the absolute value of the function, hue is directly proportional
to the argument of the function (red for a positive number and blue for a negative), saturation
decreases with the absolute value, and brightness is one. The choices of lighting and texture serve
aesthetic purposes. A section has been removed for clearer visualization of the bands on the real
line. b, Front, lateral, and top view of the same figure for a quantitative description.

We start by analyzing the band structure of the matter-wave vacuum using a standard
textbook formula [140],

cos T2 = - %|;<E>|+ "81) o) (329)

relating the lattice momentum g(w) to the transmission coefficient ¢(w) for a plane wave
of frequency w going through the isolated potential barrier described by V;(x) for x €
[0,d] and 0 otherwise (see FIG. 3.9a). The function T(w) is a convenient way of folding
the band structure into a simpler function akin to a polynomial of infinite degree’. For
instance, the single band (SB) approximation being sinusoidal is equivalent to approxi-
mating T(w) as being linear.

Importantly, we will see that t(w) does not need to be evaluated explicitly, but instead
just some special points of T(w) will be necessary for the analysis, as they fully determine
the physical properties of the system. These special points, shown in Fig. 3.9b, are the en-
ergies where T(w) takes zero, unity, or extreme values. In particular, the energies with
|T| =1 correspond to the band edges of the dispersion relation, which host Bloch waves

9Formally, T(w) is an entire function: a holomorphic function with no complex singularities.
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- =t G 'l r structure induced by a sinusoidal potential (SP).
a, The potential V,(x) (dashed line) defines a bar-
b band band band rier (filled area) that either reflects (r) or trans-
] L | Y mits () an incident (i) wave. b, The function
4 T(w) (solid black line; example with s, = 2.5) de-
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sented in arctangent scale. Figure panels b and ¢

reproduced from Ref. [51] with permission from
the APS.

carrying an integer multiple of the recoil momentum and definite parity. Correspond-
ingly, we label the band edges with even Bloch waves (Mathieu cosines) as {wa,}5,
and those with odd waves (Mathieu sines) as {wg, }$_; [141]. Finally, we label the zeroes
{wen}sy 1 and the extrema {wp, }5 4.

The ordering of these energies for different potential depths, shown in Fig. 3.9¢, is
easily understood for free-space motion s, = 0 and the limit s, — +oo, as the lattice
spectrum becomes that of a quantum harmonic oscillator. We note that flipping s, —
—sp, (as experimentally done in [91], see Fig. 3.12¢) leaves the band structure unchanged,
but swaps the parity of the edges belonging to every other energy gap. Physically, this
transformation is equivalent to displacing the emitter by half a lattice period 4 /2.

With these definitions, we can efficiently perform an analytical extension of several
functions into the complex energy plane by using infinite products. For instance, consider
T(w). Since t(w) — 1 as |w| — oo, the asymptotic expression for this function readily
follows from Eqn. (3.29), and already resembles T (w) quite well (see Fig. 3.9b). A perfect
match can be achieved if one “corrects” the zeroes of the approximation by first dividing
through them and then multiplying with the actual zeroes of T(w), which gives

T(w) = cos (n “ S—") f’o[ W= Wen . (3.30)

2
Wy 2 s 1
=1 b _ =

n=lw — 3} (n 2) Wy
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This identity is in fact guaranteed by Liouville’s theorem of complex analysis [142] (given
that T(w) has no complex singularities), since the quotient between the two sides of the
equation is, by construction, an entire function that tends to 1.

Equation (3.30) in return allows for the analytic extension both of the lattice momen-
tum, via g(w) = k—nfarccos T(w), and of the energy bands w,(q) = T, ! (cos(gd)). In
particular, we note that g(wp,) are the complex branch points where the n and n + 1

bands cross (see FIG. 3.8a).

An analogous reasoning can be applied for analytical extensions of other lattice func-
tions such as p(w), P4 (0), 1p;(w)(0) or ¢« Since at extreme energies (|w| — o) an
atom traveling through the lattice potential V,(x) behaves like a free particle subject to
the average constant potential s,E,/2, it is straightforward to find their asymptotic ex-
pressions, which can again be corrected further via infinite products. In the case of the
density of states (DoS), this results in

B © (w — wpy)?
plw) = kr\/w,(w ) E[ (W — wan)(w — wgy)’ (3:31)

For the Bloch waves y,,(0) evaluated at the emitter position x = 0, the asymptotic
value for high energy is \/k,/ 7, and the value has to vanish at the odd band edges wg,
due to parity. Furthermore, given that the LHS of (3.40) is analytic for all w outside the
bands, the singularities of 1p§(w) (0) in this region have to be simple poles matching the

zeroes wpy, of the DoS. This leads to the expression

Po(e) (0) = \/ ke Lo =) (3.32)

and similarly

(0) = ka/z\/w — WAQ f—o[ (W —wan) (333)

We note that Eqns. (3.32,3.33) can be used as initial conditions in the Mathieu equa-
tion to evaluate the Bloch wave at any other point through 1. (x) = ¥4 (0)C(w, x) +
il[); (@) (0)S(w, x) where C (S) is an entire function in both of their arguments, (anti-) sym-
metric in x corresponding to the unnormalized Mathieu cosine (sine) function.

We can also focus on the phase retardation which is analytically given by ¢/(«)4 =

T(w)£iy/1— T?(w). Although we have an analytic way of evaluating T(w) as an infinite
product (Ref. [51]), a direct substitution of this formula wouldn’t be satisfactory, as it does
not treat the imaginary part of the complex exponential in the same footing as the real one.
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To fix this, we propose the following expansion instead,

eiq(w)d — oS <7_[ % . S§b> w — Wcy
r n= 1 w — _1
( 2> “r (3.34)

o (T ) [T [0~ wnll )
wr 2 —sba)/Z —sbw/Z—nzw,)

which is a beautiful combination of two famous Euler formulas,

. 00 2
e =cosx+isinx and sinx=x H (1 — #) (3.35)
n=1

“the most remarkable formula in mathematics” [143] and his celebrated solution to the
Basel problem [144]. We note that (3.34) indicates that the “real” part is holomorphic,
but the “imaginary” part has a square-root branch cut at every band edge. Arguably, the
most intriguing part of this formula is that it would be impossible to derive it analytically
by substituting the previous one, as a cut-off in the considered gaps for the expression of
T(w) would still lead to infinite branch points in \/1 — T?(w), which is not the case in the
formula above.

Finally, we point out a mathematical peculiarity and arguably the strangest way to
compute 7. By directly comparing the DoS expressed as an infinite product (3.31) and in
the SB limit (3.28) one obtains an expression of the number 7 as a product of the band
edges

S (w—wap)(w—w

" Slil}loz\/(wm I;[ wAn CEJDn)z = Vo & [wan wa1) (330
where the convergence is particularly good at w = wcy. Moreover, an w € (wao, Wa1)
satisfying this identity always exists for all s, € R due to the Mean Value Theorem. Al-
beit using this identity to compute 7t is impractical, its violation for all w in the ground
band of a band structure proves that the structure cannot be associated with a periodic
potential.

3.4.2 Integrating quasimomenta

For either the awe or bewilderment of his readers, Bykov proposed in his seminal pa-
per [37] an intricate integration contour in the complex g-plane that enables direct, exact
integration. Bykov’s path carefully winds around the complex band crossings q(wpy)
exploring all levels of FIG. 3.8a. Here we show that, just as the lattice functions greatly
simplify when evaluated in the complex w-plane, so does Bykov’s contour.
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FIGURE 3.10: Domain coloring plot
of (3.37) RHS’s integrand on the com-
plex w-plane for values s, = 5, x; =
xp = 1/(Bk,), n = 1, and wy =
3 4 2i. The equivalent integration con-
tours C; (in black) and C, (in white)
are outlined, although in reality, they
extend infinitely. Figure adapted from
Ref. [51].

Im w/w,

We are referring to integrals of the form

/+°° ¢;(x1)lpq(x) qudq j{ lpq(w)( x1)‘Pq ( 2) o (w p(w) (3.37)
G

where C; are simply contours circling the bands wgr (see Fig. 3.10), wp ¢ wpg, and the
functions on the w-plane are continuations with wy ¢ wp as branch cuts!’. The integra-
tion contour can be changed to a contour C; that circles around wy and around co. At
diverging frequencies, the free-particle approximation of the integrand

DCF)P0() (%2) ingand o, e ORIV
2(wp — w) pre)= 27t(w — wp)wer/sp/2 — w/wy
is strongly suppressed if x; < x; 4 nd, leaving only the contribution of the residue at wy.

If x; > xp 4+ nd, we can just conjugate the integral in g and then apply the same procedure.
The result can be succinctly written as

(3.38)

/+“M(zi"qddﬂ =
s (3.39)

— ) (1)) (32)P(00) ™ O H (g + nd — x1) + ( Ve ) :

with H(x) =0,1/2,1if x <,=,> 0 (respectively) denoting the Heaviside step function.

19Notice that this is a different convention to the one taken in Sec. 3.4.1, so there is again a slight abuse of
notation.
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A particularly useful case of this identity for x; = x, = nd = 0is

2 1
ZWWH: n()% 0). (3.40)

Moreover, these ideas can be extended to other integrals but we spare the reader from
hearing about them as they won’t be required for our analysis.

3.4.3 Emission into a lattice

Both, the PDR and SB approximations tend to be accompanied by a constant coupling ¢
in the point-like emitter limit. This is not always well justified, especially so when more
than two band-edges are taken into account. This is because of the existence of edges that
host odd Bloch waves (see FIG. 3.9¢c). Since the parity of these Bloch waves is opposite to
the parity of the QE at the center, the overlap between both cancels out exactly, regardless
of the emitter size.

Thus, it is again necessary to consider momentum-dependent couplings g;. In the case
of a point-like GWF emitting matter waves, the coupling strength

gq = Q' Jage /2 ,(0) (3.41)
results from approximating the Bloch wave as constant across the QE in (2.4).

The transformed bath correlation function

G(w) _ Z i’gq

2 (2,3/2,
—_ ik, QEP(W)HL’LZ,(QJ) (0) (3.42)

then follows from (3.40). Capping the infinite products (3.31,3.32) with a cut-off A € IN
in the number of gaps considered, we can re-express it as

G(w) = x4/Tg 4 (w) (3.43)

where
0?2 [
K = kraQET J/ HB/A(CU) = HB(C(J)/HA(CU) (3.44)
and
A A
IMy(w) = H(w — Wan), H W — wWgy). (3.45)
n=0 n=1

We note that in practice it is enough to consider very low cut-offs (like A = 2 or A = 3)
since the gaps both close and become off-resonant very fast (see FIG. 3.9¢).
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To find the poles of the IT for A(w), we multiply the denominator from Eqn. (3.13)
with its algebraic conjugate; the poles then correspond to zeroes of the polynomial

(w— A4 (w) + T (w). (3.46)

By considering the degree of this polynomial and its changes in sign between band edges,
it is easy to see that there are no bound states in the continuum (BIC) [131], whereas each
band gap (including w < wyp) contains at least one pole. This differs from the multi-
emitter case (see Sec. 3.5.2), where subradiance and retardation effects can lead to a BIC
[58, 59]. For sufficiently weak couplings (x < w?’?), these in-gap poles can be approx-
imated as wy, ~ way — K g(wan) / [(Wan — B)? Thysn(Wan — wWam)]. There are two
additional poles, approximately A F ix+/IIg,4(A), which lie in the same gap if they are
real; otherwise one of them (wys) has negative imaginary part and can lead to Markovian
(exponential) decay of the emitter, and the other (wy,) is its complex conjugate.

In determining the spectral decay properties, see Fig. 3.11, we recall that not all of
these poles contribute towards the residue theorem: due to the square root singularities
at the band edges, we can visualize the integrand domain as a Riemann surface consist-
ing of an ‘upper sheet” where the integration paths in the complex plane are located and
a ‘lower sheet’ on the other side of the branch cuts. Only the poles on the upper sheet will
contribute towards the residue theorem and have a physical interpretation.

For positive lattice depths s, > 0 and Markovian couplings Q) < mingeR [A — wy],
the pole wy, is in the upper sheet only when sign{A — w4, } = (—1)". Of the two extra
poles, only one is in the upper sheet; in particular, wy,; cannot be there to avoid exponen-
tial growth of the population.

For larger couplings, there is still a change of sheets for one of the poles living in the
nt" > 0 gap as A crosses the value wg,. On the other hand, by increasing the coupling it
is possible to make two lower poles co-located in a gap combine into a double pole and
then split into a Markovian pole wy and its conjugate wy,;. Whereas wy,; always remains
unphysical, wy; can make it to the upper sheet, as depicted in Fig. 3.11c.

This figure reveals behavioral differences between the decay next to a band edge host-
ing even Bloch waves and one hosting odd ones. Whereas the former behaves as dis-
cussed in Sec. 3.2, the latter displays an increase in the Markovian component of the decay
at non-Markovian couplings. One would naively expect that reabsorption and emission
scale equally with the vacuum coupling; however, this is not the case here as BS forma-
tion is suppressed for these parameters (see Fig. 3.11b). Despite the phenomenological
similarities, this ultra-Markovian emission is not to be confused with superradiance, as a
single emitter is enough to create this effect. For illustration purposes, let us consider the
following example. Under the same conditions as Fig. 3.11b and ¢, a quantum emitter
with detuning A = wpy + %wr and coupling Q = 3w, emits half of its population at only
t = 0.52/w, and it emits more than 90% ultimately. In contrast, while the initial decay
is very similar at A = wyo + %a)r and Q) = %wr, most of the radiation is reabsorbed at
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FIGURE 3.11: Spectral emission properties of a point-

like emitter coupled to a lattice. a, Example of poles .
4

Y

Y

and branch cuts (dashed lines) of the IT of A(w) 5
for s, = 20wy, s = 2.5wy, Rabi frequency () = w;
and a detuning A (in light orange) resonant with
the first energy band. Black dots correspond to

*
Wy

[e]

Imw

WAOWA1 WB1 Wp2 Wrl A2

physical poles, whereas the white dots are un- wo'
physical and do not contribute to the dynamics. g !
The branch points w4, (dark red) and wp, (dark
blue) are the band edges hosting even and odd
Bloch waves, respectively. The thick black line
represents the integration contour of the trans- ¥
form. b, The sum of the squared residues of the >
bound states —an indicator of the population that G
remains bounded after emission- is presented as

a color map on the A-() plane. Regions separated

by the white dashed vertical lines {A = wp,}?°; ©

have a different number of bound states. ¢,
Squared norm of the residue corresponding to
the Markovian pole wy on the A-Q) plane. In the
solid cyan regions there is no Markovian pole,
whereas in the cyan dashed regions the pole is in
the lower sheet. Figure reproduced from Ref. [51] o 1 2 3 4
with permission from the APS. AJw,

Rew

(@)

o/ (W)

t = 2.5/w, and the emitter population subsequently oscillates with large amplitude as

the system cycles between emission and reabsorption.

The integration path of A’s IT can be adapted to the singularities described in Fig. 3.11a
by circling around the physical poles and branch cuts of the integrand'!, leading to the

time evolution

(3.47)

- A - A
—j 1K i 1K .
Aty =), a(wp)e ' — — Z(—l)”e Wanl T (w g, t) + b= Z(—l)"e Wenl [ (g, t)
pEupper n=0 n=1
poles
where ) A
zx(w) — (w — )

2(w—A)+ K2 LT, 4(w)

denotes the residue of the poles, and the branch contribution

e \/HB/A(CU_i'Y) -t
I(w,t) = /0 (w—iy—NA)2+x2Tg a(w — i'Y)e “

1111 the same fashion as we did in Sec. 3.2, FIG. 3.4a.
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is well-defined and rapidly converging unless wy is on the branch cut. The branch con-
tribution I (w, t) tends to zero as the time ¢ increases but does so algebraically, making the
decay non-Markovian. The only contributions persistent in time, i.e. the bound states, are
the real upper poles residing in the band gaps.

3.44 Phenomenology

The general features of the resulting time evolution are shown in Fig. 3.12a. It is mostly
Markovian for detunings deep inside the bands and non-Markovian around the band
edges; there is no decay deep inside the gaps. We note that emission is suppressed at the
band edges wp,, of odd parity with respect to the edges w 4,,, whose Bloch waves have the
same parity as the emitter.

After the emission finishes, the remaining emitter population can oscillate by the beat-
ing of various bound states. This effect has been measured experimentally [91] and it is
most noticeable in the center of the first energy band. We compare our calculation with
the experimental data in Fig. 3.12b. As the coupling increases relative to the bandwidth,

'S

(A_wAO)/wr

|
—_
T

FIGURE 3.12: Band structure effects in matter-wave decay. a, Detuning dependence of the population
decay |A(t)|?, from one point-like emitter to a sinusoidal lattice of potential depth s, = 2.5 and
through a coupling ¥ = 0.082w?/2. Cyan marks indicate the position of the energy gaps. The
time slice t = co represents the range of the asymptotic population that remains bound after
decay. b, Decay dynamics at the band center A = wc; where the ratio between the average
coupling g, to the first band and the bandwidth is from back to front 0.09 (weak coupling), 0.215,
0.5 (intermediately coupled), and 2.45 (strongly coupled). The dots are data averaged over at
least three experimental runs each, with error bars representing the standard error of the mean
and bandwidths Jw, ~ 27 x 1.8kHz (red data) and %Ow, (gray data). The gray lines represent
the predictions of the single-emitter SB model, with its estimated range of applicability indicated
in black. ¢, Quasi-momentum distribution |B,(7)|? predicted for the emission by a single point-
like emitter with xw,” 3/2 = 0.015, 0.032, and 0.015 into potentials with depth s, = 2.5, 0, and
—2.6 (respectively) at a fixed time w,T = 9.24. The insets reproduce the experimentally observed
distributions for s, = 0 [78] and s, # 0 [91] measured for the same parameters. Figure panels a
and b adapted from Refs. [51] and [91], respectively; c is reproduced from [51] with permission
from the APS.
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the oscillations intensify until the power broadening makes the band indistinguishable
from a single state, resulting in perfect Rabi oscillations with the bound states taking the
role of the dressed states of the oscillation [91].

An analogous formula to (3.47) can be written for the time evolution B, (t) of the emit-
ted modes,

_&/+°°+i0+ e dw/ (w — wy)

27T J—coti0t w — A+ iK\/m.

The main difference is that the integration displays an additional pole at energy w,;. We
note that this real pole does not correspond to a bound state but rather to a mode that
has completely abandoned the emitter and keeps traveling free indefinitely. This causes a
similarity between the emission spectrum and the dispersion relation of the medium, that
we show in Fig. 3.12¢c. Notice how the g-dependance of the coupling g, greatly suppresses
the emission to the second energy band for s, > 0 ([wp1, wps], which hosts quasi-odd Bloch
waves) in comparison with the second band [w41, wp] in the s, < 0 case, although they
have practically the same dispersion relation w,.

B, (t) = (3.50)

Although the single-emitter model matches the observed decay dynamics at short
times, it underestimates the amount of subsequent reabsorption seen in the experiment,
in which the optical lattice provided an array of emitters. Subsequent oscillations are
dominated by reabsorption as the emitted radiation spreads across the emitter array (see
FIG. 3.17). More quantitatively [91], if we use the pole decomposition of (3.50) to split
the emission into a bound and a decaying part, B, (t) = Bgs(t) + Bf}e(t), then the amount
of decay into the n-th Wigner-Seitz (WS) cell is B3¢ (t) = Yy Bge(t) cos(ngd). The single
emitter model is well applicable when this decay outside of the original WS cell is lower
than 10% (i.e. X, 20|Bn(t) |> < 0.1; decay curves are drawn in black during this period in
FIG. 3.12b). We note that at smaller couplings, the applicability of the theory for a single
emitter extends to longer times, which was the case for the parameters of Fig. 3.12c.

3.4.5 Evanescent Bloch waves

One might expect that the presence of a lattice potential for the radiated modes induces
a corrugation of the evanescent waves [37]. We can compute the spatial distribution of
BWs bound to a point-like emitter!?

gA 639 .AQ)
B = L g gy 1) = 12 g Oy (Do) (35D

where we immediately identify ¢, ,(|x|) (for w in a gap) with an evanescent BW.

12We note that the same calculation can be performed with a GWF [51] adapting the steps outlined in
FIG. 3.6 by replacing the plane wave with a Bloch wave (BW) and (3.22) with (3.39), but the result is more
convoluted.
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To further understand the shape of these waves, notice that by Bloch’s theorem, ev-
ery Bloch wave y;cr admits a representation () (x) = gbq(w)(O)uq(w)(x)eiq(“’)x with
h3(w)(0) acting as the holomorphic normalization factor in (3.32) and 1) () = 1) (x +

d) a periodic function that can be Fourier-decomposed into v, (w) (upsilon) coefficients.
We reinterpret this as a plane-wave decomposition of the Bloch wave

+00 .
Yoty (X) = Po()(0) Y v (w)el @) T2k, (3.52)

n=—oo

Contrary to popular belief, band gaps are not devoid of momenta, but they are filled
with momenta that are complex (see FIG. 3.13a). The decomposition above can be ex-
tended to the complex w-plane, and in particular it can be extended to w in the gaps

ll\’q(wg)(o)

OO0
OB
RS

¢q(¢u4)(‘x|)

N -

x/d

FIGURE 3.13: Evanescent Bloch waves. a, Real (in dark blue) and imaginary parts (in orange) of g(w)
along the bands and gaps of a lattice s, = 2.5 deep. Solid lines denote the dominant momenta,
whereas dashed lines denote other momenta that also fulfill the dispersion relation. Frequencies
w4+ = we1 %wr and wpy are outlined. b, Space dependence of the evanescent Bloch waves at the
outlined frequencies, hosted in the band gaps. ¢, Symmetry of the evanescent Bloch waves at w+
under the SB approximation. We visualize their quasimomentum wavefunctions as two different
cuts of the same strip. d, Adiabatically-generated evanescent Bloch matter waves at w-. Each data
point is the average of more than 30 individual repetitions. The strips show average band map
ToF pictures. The gray curve is the wavefunction in ¢ squared and convolved with a Gaussian blur
(0; = 0.15k,) to accommodate finite size effects and imaging resolution. Figure a adapted from
[51] and d reproduced from [91] with permission from the APS.
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]R\CU]R,
Pa() ([x]) = Z U (w)elal@)+2nk)lx) (3.53)

n=—oo

expressing an evanescent BW as a superposition of evanescent waves with all the com-
plex momenta q(w) + 2nk, fulfilling the dispersion relation in the gaps. The dominat-
ing momenta (especially so for shallow lattices s, < 1) are those that are closest to ful-
fill the asymptotic PDR (shifted by s,/2), which under our conventions are g(w) and
q(w) — 2ngapk, with ngap = 0,1,2, ... enumerating the gaps. Thus, Re g(w) gives the spa-
tial frequency of the evanescent BW, whereas Im g(w) gives the spatial decay rate, and
other harmonics give the expected corrugation (see FIG. 3.13b). As noted and measured
in [91], and in the spirit of comparing a band structure with a cavity [37], these have
the traits of stationary waves despite the absence of boundary conditions and thus they
express as sharp peaks around +7ng,pk; in the band mapping images (FIG. 3.13d). Mea-
surements of this kind allow us to access the complex band structure of a lattice, which is
also physical as we can see.

As different as they might seem, evanescent BWs below and above the ground band
are symmetric under the SB approximation (see FIG. 3.13c). Considering energies w-
symmetrically placed around the center wc; of the band, the symmetry follows by

Wy Wy

Y . (3.54)
W4 — Wy W— = Waik, (mod 2k)

3.5 Multiemitter effects

FIGURE 3.14: An array of N identical QEs coupled to a waveguide. The phase retardation of photons
traveling between emitters induces additional non-Markovian dynamics, such as trapping radia-
tion between emitters.

More generally, one can consider N emitters in the WWH forming an array of QEs
[51, 56, 57] with additional non-Markovian effects rooted in the phase retardation (3.34)
component of the coupling (2.4), which can be expressed as

Sig = et 84 (3.55)
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by Bloch’s theorem. The single excitation can now be spanned in the sub-basis
- t ot
(¥ (1) = ;A](t)ﬁj 0) +)_ By(t)by [0), (3.56)
= q

in which the TSE reads

{ CUA]' — A]'(O) — AA]' + Zq gjlng (357)

wBy = wyB, + Z]-/ g;‘,,qu/

for an emission process (B, (0) = 0). Using the equation below to substitute B, in the one
above, yields

j'
where e
~ L lgq . d ;g

Solving or further simplifying this equation involves linear algebra, as in matrix form the
solution is simply

A= ((w—A)y+iG(w)) " A(0). (3.60)

Following the IT, the spectrum of the system is composed of bound states whose fre-
quencies w satisfy the equation

det ((w — A)ly +iG(w)) = 0. (3.61)

When analytically continued in the style of FIG. 3.4a, this equation also reveals the com-
plex frequencies of the exponentially decaying states; whereas the algebraic decay has
again the frequencies of the band edges [51]. However, a more detailed analysis needs to
be done on a case-to-case basis.

We note that iG(w € R\ wg) is Hermitian and therefore diagonalizable. If the diag-
onal basis is w-independent, then it establishes a decoupled set of normal modes for the
emitter array. Importantly, the characteristics of iG(w) are going to be tightly linked to
the algebraic-analytic properties of the Toeplitz matrix [145]

1 z e ZN_l
z 1 e ZN_Z
TN(Z) = . . .. . ’ (TM)
ZN—l ZN—Z 1
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which is diagonalizable by being symmetric. If T (z) has an eigenvalue or an invariant
subspace that is independent of z, then so does
Gw)=Y MT (e'1) (3.62)
~w—wy N '

and the subspace decouples its dynamics from array modes that are orthogonal to the
subspace.

3.5.1 Two emitters coupled to a single band

TT )
LA iy e e

FIGURE 3.15: On the left, adjacency graph of two identical QEs coupled to a SB waveguide hosting
one excitation in the Wannier basis. On the right, the system is equivalently described in the
parity-explicit basis (3.64).

We start with a minimal scenario of one excitation distributed over two QEs (N = 2)
coupled to a SB. The TM T»(z) can always be diagonalized as

1 0\t 1 1
/2 1 z NG _ 1+z 0 (3.63)
_\/LE z 1 \/LE —\% 0 1—z )’ '

indicating that (1,41)/+/2 are decoupled normal modes of the emitter array. This is
because together with the number of excitations, the system also conserves the parity ¢
of an excitation that is distributed symmetrically (¢ = +1) or antisymmetrically (c = —1)
over the two emitters. Thus, one can take decoupled bases for both cases,

_ ag(t) At gt 2. boj(t)
9o(t)) = =5 (i + o) 0+ 2=

In this basis, the system behaves as two separate quantum emitters, each coupled to a sep-
arate half waveguide with an open- or closed-end (see FIG. 3.15). For an emission process
(a-(0) = 1 and b,,;(0) = 0) and setting half the bandwidth as the natural frequency scale
(2] = 1), the resulting transformed excitation amplitude of the emitter pair

S-S

(E;_j + aiy}) 0). (3.64)

-1
ir(w) = (w —A—o0g*+ agz—%> (3.65)
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features decay to an ‘even edge’ at frequency —c, where the parity of the emitter state
matches that of the emitted waves, and to an ‘odd edge” at o, where the parity of the
emitter state is incompatible with that of the emitted waves.

The singularities of Eqn. (3.65) encode the following single-excitation decay behaviors
(cf. Fig. 3.25):

i. There is always a bound state in the gap beyond the even edge and no bound state
in the continuum. Another bound state can be found in the gap beyond the odd edge if
the detuning lies within this gap or the coupling is large enough (g> > 1 — c'A).

ii. The band edges are a source of algebraic decay of order 3/2. More specifically, the
even edge contributes asymptotically to a,(t) with

(o +i)el!
NI (3.66)
while the odd edge contributes with
2 N\ ,—iot
g (o —i)e (3.67)

47T (g2 — 1+ 0A)?13/2

An exception to this is the incidental case that ¢> — 1 + cA = 0, where the algebraic order
of the odd edge changes to 1/2. Its influence becomes longer lived as the result of the
spectral overlap between this edge and one of the bound states.

iii. The Markovian approximation is applicable for in-band detunings, |A| < 1, with
weak edge effects, ¢> < 1 — |A|. In this limit the unemitted population |a,(t)|?> decays
through a single channel with an exponential rate (1 — ¢A)T, where I' = 2¢2/v/1 — A2
is the decay rate of an isolated QE. The prefactor (1 — ¢A) indicates that there is single-
particle superradiance when ¢A < 0 and subradiance if cA > 0. No collective decay
exists at A = 0: in the band center, the symmetry between two parity sectors leads to a
suppression of collective decay, in opposition to the naive idea that every system sym-
metry favors collective decay. These characteristics also hold for 2 excitations, see Sec-
tion 3.6.2.

3.5.2 Bound states in the continuum

For point-like emitters'?, the sum in modes of (3.59) can be done by using Eqn. (3.39),

resulting in
G(w) = x1/Tg)4(w) Ty (e, (3.68)

13Gee Ref. [51] for a more general expression using GWFs which, again, can be obtained adapting the
steps outlined in FIG. 3.6.
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FIGURE 3.16: a, Above, the bound states in the continuum of two QEs are represented at different
detunings in green olive (for even states) and yellow (for odd states). Arrows indicate the state
of the emitters, and the line represents the state B, of the equation, given by (3.71). Below, the
remaining emitter array population of the symmetric array mode (in dark red) and the antisym-
metric one (in dark orange) after a decay time of 15w, ! under a coupling ¢ = 1/3. b, Close-up
representation of the same BICs.

Since det Tn(z) = (1 —z?)N~1, at z = £1 the system is highly degenerate. To see this,
consider that the range of Ty(=£1) is 1. This condition is only fulfilled for w = w,(0)
or w = wy(k;) which are normally band edges; but for s, = 0, the frequencies wy, (k;) =
wm? > 0 are in the continuum. Thus fixing A = w,n? makes the matrix (w—A)1y +
iG(w) highly degenerate, with N — 1 bound states in the continuum at w = w,n>.

One might worry about the fraction of its momentum wavefunction

_sime s

B
1 wn? — wy

(3.69)
becoming singular due to a vanishing denominator in the case of a BIC, but this zero
cancels exactly with one in the numerator as ) ; e~ ia(wm®)dj Aj = Zj(—l)”j Aj = 0 is the
condition of (A;) ]I\L 1 belonging to the kernel of Ty ((—1)").

Let us consider, for simplicity, the case of N = 2 QEs emitting into a PDR (s, = 0). At
zero detuning the system cannot be Markovian; but if it were, a symmetric emitter state
would be superradiant and an antisymmetric one would be subradiant, as in Dicke’s
famous example [18]. As we increase the detuning, the super- and subradiant roles are
switched every time that 0 < \/A/w, = n € N (see FIG. 3.16a). The subradiant state
results in the formation of a BIC of parity (—1)""!. The state of the emitter array in such
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a BIC is thus <A /2, (—1)"1A/ \/2) and the state of the radiation

Ge9) gA ef9/2 4 (—1)rtle—iad/2
o o (3.70)

_8A T (g (T (4 A-ng 7T (4
_\/Ewr2n<l smc{2 (kr n)}—i—z smc{2 <kr—{—n>})

in momentum space or in position space,

k. gA ke Re [ 1pimkex]  if [_Q d]
B. =Y By /;'equ — { o\ - Re [i"le™X] ifx € | -5, 5 (3.71)
q

0 otherwise,

By

features a stationary wave of the same parity (—1)"*! that is completely trapped between

the emitters, as if they formed a perfect cavity (see FIG. 3.16b).

3.5.3 Three matter-wave emitters and timed Dicke states

A strong point of the matter-wave (MW) platform is the capacity to create identical,
equally-spaced quantum emitters. We saw indications of this in the decay data of FIG.
3.12b. Although the one-emitter model (N = 1) matches the observed decay dynam-
ics at short times, it underestimates the amount of subsequent reabsorption seen in the
experiment, in which the optical lattice provided an array of emitters. As discussed in
[51, 91], the subsequent oscillations are dominated by reabsorption as the emitted radia-
tion spreads across the emitter array. Using the formalism presented in this section, the
presence of neighboring ground-state emitters (i.e. empty lattice sites) surrounding an
excited emitter follows from the IT of (3.60), and already working with a lattice of three
sites (N = 3) shows a marked improvement for the second oscillation. While it generally
gets harder to analyze and numerically solve larger arrays, this is not the case for N = oo
(which we present in Sec. 3.5.4). As shown in FIG. 3.17, the overall agreement with the
experiment qualitatively improves further to longer time scales as N increases, but resid-
ual deviations persist. They have been attributed to differences in the initial state (the
experiment worked with a sparsely populated array with more than one excitation) and

FIGURE 3.17: Reabsorption of matter waves by
empty neighbours. The red dots indicate the same 0.8
experimental values presented in FIG. 3.12b for
intermediate coupling (x = 0.082w;3/?). The I A||2
lines denote the multiband multi-emitter theory 0.4
(3.60,3.68) for an array of N = 1,3 and oo point-
like emitters, with only the central emitter orig-
inally excited. Figure reproduced from Ref. [51] 0.0,
with permission from the APS.
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collisions between atoms [51].

Most recently [92], the mentioned decoherence of the ultracold atoms has been ex-
ploited to realize an effective model of three QEs radiating free matter waves. We ana-
lyze this case in this subsection. The excitation amplitudes of each emitter can be broken
down as (A1, As, A3) = I1(t)/+/3(1,1,1) + L(t)/+/3(0,1,0) since the even parity of the
initial state that we will consider, with the excitation equidistributed over all the QEs
(I1(0) = 1,1,(0) = 0), is preserved throughout the decay. The exact time evolution is
given by the IT of (3.60), which can be written in terms of the integrals

_1)\j oco+i0T .
Li(t) = % /_ ;:m e “'Gys idet”'Gdw, (3.72)
where . - . .
G = (w—A)]lz+i< Go(uglﬂ(i%iag;(igz(w) o Sﬁwé)l(m > (3.73)
and

~ szr w @
Gp(w) = —iﬁ&e_(k'”@f)zﬁ {e_””\/ “wr erfc <kraQE, e ) +n —n}
wr 2kraQE
(3.74)

is the transformed bath correlation function (3.59) for an array of GWFs coupled to a PDR.

Analogous to FIG. 3.4a, these integrals can be decomposed using the residue theo-
rem on the appropriate analytic continuation of G. The decomposition includes a non-
Markovian decay branch-cut at the continuum edge (at w = 0) and a set of infinite simple
poles satisfying det G(wp) = 0. Most of these have small contributions and decay ex-
tremely fast (well beyond superradiant rates), but they provide a mechanism to avoid the
“superradiant paradox” [59], as they help the initial decay to match the dynamics of a
single emitter regardless of the detuning (cf. FIG. 3.18). This was first measured in [92]
and means that, even if the decay dynamics is super- or subradiant, such character won't
manifest until the radiation has reached the neighboring emitter.

Apart from these, we can identify 3 poles representing a bound state, a subradiant
(sR), and a superradiant (SR) state. Their amplitudes are given by

. o icwpt o (gz),zﬁwg) () 675)
P V3(detG)'(wp) 2 gpzlz(wpz),l ) '

They are tabulated together with their corresponding frequencies in Table 3.1 for the
following detunings, and their contributions to the decay dynamics are represented in
FIG. 3.18.

At A = 0, the diverging DoS causes strong non-Markovian behavior. An oscillation
with near-maximum visibility is observed at these detunings, much stronger than that
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A=0
p BS; BS, SR
wWp —0.22(2) —0.10(1) 0.28(2) — 0.033(1)i
0.281(1) 0.042(1) 0.214(4) + 0.100(4)i
App ( 0.36749(1) ) ( —0.067(1) ) ( 0.3460(7) + 0.0137(6)i )
0.281(1) 0.042(1) 0.214(4) + 0.100(4)i
A = w,
p BS sR SR
wp —0.010(2) 1.023(3) — 3(1) x 10~% 1.041(9) — 0.11(2)i
0.009(1) 0.371(2) — 0.0039(5)i 0.237(5) + 0.044(2)i
App ( 0.010(2) ) ( 0.742(4) + 0.0013(2)i ) ( —0.225(3) — 0.036(9)i )
0.009(1) 0.371(2) — 0.0039(5)i 0.237(5) + 0.044(2)i
A = 4w,
p BS sR SR
wWp —0.019(4) 4.07(1) —7(3) x 10~% 4.09(1) —0.10(1)i
0.0038(7) —0.000034(9) — 0.0036(5)i 0.611(4) + 0.042(8)i
App ( 0.0043(8) ) ( —0.00020(5) + 0.0071(9)i ) ( 0.597(2) 4 0.027(5)i )
0.0038(7) —0.000034(9) — 0.0036(5)i 0.611(4) 4 0.042(8)i

TABLE 3.1: Complex frequencies wy, (in units of w,) and initial amplitudes A o of the bound (BS),
subradiant (sR), and superradiant (SR) states involved in the decay of three matter-wave quantum
emitters sharing a single excitation, for parameters as in FIG. 3.18. Table reproduced from [92].
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FIGURE 3.18: Spectral components of the decay of 3 MW QEs. The domain coloring plots of detG
are represented on Riemann surfaces, along with their analytic continuations, for s, = 8 and
(A, Q)/wr = (0,0.6), (1,0.42) and (4,1) from left to right (the vertical bars represent the PDR g(A),
to which the origin of the imaginary axis for each A is aligned). The zeroes and branch cut of
this function define the decay dynamics of the emitters, which are presented in the bottom panels.
The black lines represent the simulated dynamics, the gray dotted lines are predictions for a single
emitter, the shaded regions account for experimental uncertainties in (), the red dots and error bars
are experimental values [92], and red lines account for the various spectral contributions; with the
main ones coming from superradiant (SR), subradiant (sR) and bound states (BS). Figure adapted
from [92].
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expected both for an isolated emitter (which shows fractional decay with damped, weak
oscillations; see Sec. 3.2) and for an exited emitter surrounded by empty neighbors [78].
Instead, the behavior is that of a TDS with no phase lag strongly coupled to the g = 0
mode. Consequently, the momentum distribution of matter waves has been measured
to be concentrated near 4 = 0 [92]. In position space, this corresponds to the radiation
trapped inside the array including contributions from bound states, which remarkably,
share the same gap. This feature does not appear with one or two symmetric emitters,
and would ideally lead to persistent oscillations of very low frequency. They correspond
to a redistribution of the population of the emitters from the center to the sides and back
as if it were a vibration in a molecule of light.

At A = w, there is a mismatch between the phase lag of the TDS and the retardation of
the MWs (e # ¢(2)4) that makes the matter waves interfere destructively as they travel
through the emitter array. One might thus expect the state to be strongly subradiant and
indeed, the sR state has a dominant contribution. However, the non-Markovian character
of the process results in also a significant SR contribution. We note that the subradiant
state has an extremely small imaginary part: it is a quasi-bound state in the continuum
(gBIC) [131]. The fact that matter-wave QEs have a finite size agg > 0 prevents this state
from being perfectly bound and from having the ideal amplitude A « (1,2,1)", which
otherwise allows for perfectly destructive interference between the three point-like emit-
ters (Z]-(—l)j Aj = 0). In consequence, the gBIC distribution has two extremely narrow
momentum peaks centered at &= Re g(wsr), as if mixing the properties of Markovian emis-
sion (Sec. 3.1) and BICs (Sec. 3.5.2).

At A = 4wy, the interference between emitted and traveling MWs is again constructive
(€0 = ¢/1(%)%), thus one might expect superradiant decay with a rate factor equivalent to
the number of emitters, N = 3. Since the detuning is deeply inside the continuum, the
dynamics is quite faithful to this Markovian expectation and the dynamics is dominated
by the superradiant state. The norm of this state being larger than 1 does not break the
unitary evolution of the dynamics, as the state decays quickly and at short times the
dynamics contains non-Markovian corrections to resemble a single emitter decay.

Other detunings can also be made super or subradiant by changing the phase lag ¢
between the emitters through Bloch oscillations (see Sec. 2.2.1 and FIG. 3.19a). Although
the TDS a, \_3 |0) can be analyzed in an analogous manner, the qualitative Markovian
features of the emission spectrum can be understood as a combination of energy conser-
vation and constructive interference: because of the former, the emission is constrained
to the PDR, and because of the latter, it also peaks around the condition ¢ = gd (mod 27).
These measurements are presented in FIG. 3.19b. Notice that for lags ¢ that are not a mul-
tiple integer of 77, superradiance is directional: a direct realization that the phase rotation
of a system with a phase gradient can be transformed into linear movement. One might
think about this as a quantum version of Archimedes’ screw, in which the phase rotation
of the QEs moves the matter waves in a particular direction. The directional emission of
a matter-wave TDS is illustrated in FIG. 2.4 and its analogy with a classical mechanism is
depicted in FIG. 3.19¢c. More details about the experiments and numerical simulations of
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collective matter-wave decay can be found in the PhD dissertation of Y. Kim [108]. For fu-
ture experiments, it might be feasible to produce directional emission with a single chiral
emitter [146] by simultaneously Floquet engineering the optical lattices and an additional
optical tweezer [134].
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FIGURE 3.19: Timed Dicke states. ai, Experimental sequence for the creation and phase control of
TDSs in the MW platform. After ramping up the optical lattice (sq, s, ) = (8,0), a differential phase
¢ between emitters is gravitationally imprinted for a duration g (in units of the Bloch period 13 =
2nth/(mgd) = 1.2ms). Subsequently a 200-ps-long coupling pulse with strength Q) /w, = 0.60(4)
is applied to initiate the emission. aii, Phase distribution in the array population (|r), obtained via
lattice band-mapping) as a function of tg. b, Momentum distributions of emitted matter waves
(|b)) versus A, plotted for various ¢, each panel is normalized independently. The dashed lines
are the PDR of the matter waves. ¢, Mechanical analogy of the TDS ﬁ;:_n /2n—3 |0). A camshaft of
3 cams separated by a distance d and turned at a relative angle ® (representing the emitters) only
engages a screw of a fitting thread (representing the radiation mode). The rotation of the camshaft
with angular velocity A is transmitted to the screw, which can instill a linear momentum ¢ to a
fluid in only one direction. Figure panels a and b are reproduced from Ref. [92].
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3.5.4 Polaritons

As the number of emitters increases, intra-array effects become more relevant until, in the
limit N — oo, they are all there is. Contrary to what one may think, this case is the easiest
to analyze: TDSs can no longer decay, as excitations cannot escape the influence of the
emitters, and interference becomes so strong that these states decouple from one another.
To prove this within our formalism, it is enough to notice that array vectors of the from
A= (...e?0 N, 9] eit(+1) )T are eigenstates of the TM T (z) regardless of z.

From a condensed-matter perspective, the WWH is invariant under discrete transla-
tions generated by x — x + d, so by Bloch’s theorem quasiparticles -known as polaritons
[47, 147, 148]- must form together with a band structure. Remarkably, this is so even for
coupling into free space (V, = 0), as the periodicity of the QE array induces a period-
icity in the waveguide. From this point of view, the condition of constructive interfer-
ence ¢ = gd (mod 277) in the TDS promotes to a law of conservation of quasimomentum
q = ¢/d for the polariton.

The transformed amplitude of these states follows from decoupling (3.60) as
g -1
Ay(w) = (w—A+iGy(w)) ~ Ay(0) (3.76)

where the eigenvalue

~ = |gq+2krn |2

iGg(w) = (3.77)

n=—o0 wq+2krn —w

of iG(w) follows by taking into account its matrix elements (3.59) and using the identity
L 004 = 2k Y 6(g — (q+ 2kem).

As Ay(w) lacks complex poles and branch cuts, its IT A,(t) is undecaying, in consis-
tency with the idea that the polaritons can never escape the reach of the emitters. On the
other hand, there is an infinite set of real poles {w;(g) }5_; that can be identified with the
polariton band structure and satisfy the equation

wn(q) — A +iGy(wn(q)) = 0. (3.78)

Since all of the poles are real, plotting (3.78) —c.f. FIG. 3.20a—- helps understanding
several properties of the polariton band structure [37, 51]. For instance, polariton bands
neither cross each other nor the original energy bands (w1(g) < A, w,-1(9) < wy(g) <
wn(q) for n > 2), although they might cross the detuning at the points G, ' (0) where the
couplings to different bands cancel mutually. Excited polariton bands tend to these points
in the limit of very large coupling; otherwise, they soon approximate the energy bands

(Wn51(9) = Wn1(9))-

The resulting band structure (purple lines in FIG. 3.20b) is exotic and cannot be ob-
tained by a simple periodic potential. An indicator of this is the positive effective mass of
both the ground and the first excited polariton band near g = 0.
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FIGURE 3.20: Polariton band structure.
a, Graphical solution of (3.78) for the
polariton bands at a particular quasi-
momentum, qo = —2.3k, with the
same parameter values as FIG. 3.17 and
with frequencies in units of w,. Polari-
ton bands are located at the intersec-
tion between the orange and blue lines.
b, Resulting polariton band structure
wy(q) (in purple), for the band struc-
ture wy, (q) (in blue) and detuning A (in
red) specified in a. ¢, Schematic depic-
tion of a particle in a state-dependent
lattice with s, = 12 and s, = —0.4949
hopping two lattice sites due to the
Rabi coupling () = 0.626w, between
states. d, Polariton bands correspond-
ing to the situation depicted in ¢, with a
detuning of 0.0742w, between the cen-
ters of wy’(q) and w5 (q). Figure repro-
duced from Ref. [51] with permission
from the APS.

The dynamical properties associated with these bands follow from applying the residue
theorem to the IT of (3.76), which leads to

Zrn —ien(@)t A (0) (3.79)

where the residues are given by

ra(q) = (1 + iég(wn(q))> - (3.80)

The residues for bands far away from the detuning are negligible, rendering the structure
of higher bands/gaps irrelevant for the dynamics. Alternatively, these results may also
be obtained by decoupling the Hamiltonian [47] or as an ansatz in the SE, while taking
into consideration that these residues satisfy the normalization condition (r, € [0,1] and
Yo1tn(q) = 1), energy conservation (Y, 7x(q)wn(q) = A) and Y 1 71(q)/ (wm(qg) —
wy(q)) = 0. With this solution of the system, we can explain the dynamical behavior
of the experimental data [78, 91] at longer evolution times ¢t > 1/], (see Fig. 3.17, case
N = 00).

The existence and properties of matter-wave polaritons in the MW platform were first
predicted by the author [51] and experimentally confirmed shortly after by J. Kwon and
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Y. Kim in our lab [118]. In the case of this newfound quasiparticle, as different quasi-
momenta are decoupled unless they differ by an even multiple of the recoil momentum
kr, one can define a periodic momentum-dependent detuning A = A(g) to account more
accurately for the dispersion relation w{(q) for the |r) states in the n'" band!4, while
also modifying the vacuum coupling into g; = Q (¢ji,|97’) /2. From this perspective,
one dresses the red and blue lattice through the microwave coupling, allowing more cus-
tomization of the resulting polariton bands w,, (g) whose hopping rates

7]?” = — Y wy(q)et (3.81)
q

can be freely tuned. An extreme example of this is shown in Fig. 3.20c,d where the first
band of the |b) states is coupled with the second band of the |r) in a way that the po-
laritons hop two lattice sites at a time, without going through the intermediate site at all
(J =0, , # 0). The double hopping can be noticed in the emergent band structure by
the (approximate) doubling in the periodicity of the bands. This opens the possibility
for the analog simulation of J1-J, quantum spin models [149, 150] with ultracold bosons
in 1D, by inducing effective spin interactions [151-153]. We note that frustration [154], a
core feature of the [;-J, model, has kinetic origin in this case and is generated by coupling
bands of opposite effective mass [155].

Although these properties are calculated in the single-excitation sector, the band struc-
ture also manifests in the many-body regime, where a BHM of renormalized hopping

J= ]_1(1) and interaction energy U can form [118]. The higher mobility (J > J) of the MW
polaritons —enhanced through the microwave coupling () and detuning A- can ‘melt’ a
Mott insulator (MI) and make it undergo a quantum phase transition into a superfluid
(SF) phase, as illustrated in FIG. 3.21a. The lattice depth s, controls the hopping rate
J, which directly influences the coherence of the atoms that, in turn, is reflected in the
peak width ¢ of the ToF pictures. While the precise connection J-s, can be computed, the
dependence s;-0 can studied with a reference measurement (FIG. 3.21b). The renormal-
ization of this dependence induced by the microwave (FIG. 3.21b-d) then establishes an
empiric confirmation of Eqns. (3.78, 3.81).

A deeper dive into the nature of matter-wave polaritons can be done by shaking the
transverse lattice depth s, in the MI phase (see FIG. 3.21e). The choice of s, over s, is
intentional: as both states |r) and |b) are affected by this lattice, the interaction energy of
both states (and between states) is perturbed coherently, avoiding unwanted dephasing.
As aresult, the process is reversible, except when the modulation frequency @ is resonant
with certain frequencies, such as the energy gap @ between the center of the lower po-
lariton (LP) band and the bottom of the upper polariton (UP) band (see FIG. 3.21f). The
excitation spectrum is shown in FIG. 3.21g. In a reference run without coupling, exci-
tation peaks can be observed at @ ~ U/h and 2U /N, as expected from resonant atom

4Typically n = 1 for the experiments, as the red lattice is very deep and the experiments start on the
ground band, sometimes even purposely discarding the higher band contributions [78, 91]. However, other
bands are more interesting from a theoretical perspective.
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FIGURE 3.21: a, A Mott insulator of |r) atoms (left illustration) occupy the bottom of the harmonic
confinement induced by a transversal lattice s; and a SDOL with s, = 0. As the microwave is adi-
abatically turned on, atoms get dressed in |b) forming BSs (center illustration). As the microwave
gets strong enough, atoms can hop with rate | between sites forming a superfluid of matter-wave
polaritons (right illustration). b, Scan over s, fors| = 18, A/w, = —0.50(7), and Q/w, = 0.84(2)
(purple), compared to a reference measurement with () = 0 (red). Plotted is the fitted 1D Gaus-
sian width o of the central diffraction peak in ToF (right inset). The red curve is a piece-wise linear
tit with zero slope on the left segment, which is used to establish the relationship between ¢ and
sa. The purple curve is obtained from the red curve after shifting s(J) (black arrow) according
to the expected renormalization of hopping J to J (left inset); the shaded area accounts for the
experimental uncertainties in A and Q. ¢, d, Parameter scans at s, = 10 with either variable A at
Q/w, = 0.84(2) (c), or variable Q) at A/w, = —0.50(7) (d). The theoretical prediction reflecting
experimental uncertainties is shown as a solid purple line surrounded by shaded areas. They also
include insets showing the corresponding ratios J/J. e, Experimental sequence for the spectral
excitation of the Mott insulator (s, = 40, s, = 14). After ramping up () adiabatically, s; is mod-
ulated by £30% at variable frequency @ for 10 ms. Then Q) is turned back down. f, Two lowest
polariton bands (n = 1,2, in purple) calculated for s, = 10, Q/w, = 1 and A/w, = —0.5. The
green arrow denotes the separation @y from the middle of the lower band to the bottom of the
upper band. The dashed curves reproduce the atomic band structure. g, Excitation spectra fol-
lowing sequence e for A/w, = —1.00(7) and Q}/w, = 1.09(2), with the inset stripe showing the
number of |b) atoms (i); or for the uncoupled case () = 0 (red) and lower depth s,=10 (gray) (ii).
Error bars show the standard error of the mean with horizontal bars being smaller than the size
of the data points. All data points are the average over at least 3 runs. h, Detuning dependence
of the third excitation feature. Open red circles denote the |r) peak position, and blue dots denote
the position of the maximum transfer of |b) atoms, as extracted from Gaussian fits, with error bars
representing the spectral width (20) of the excitation feature. The green curve is the calculated
polariton excitation energy (A, Q)), where the shaded areas include (in darker green) the width
of the ground band and (in lighter green) the uncertainties in A (+0.27 kHz) and Q) (£2%). Figure
panels b-h are reproduced from Ref. [118] with permission from Springer Nature.

52



Chapter 3. Waveguide quantum electrodynamics

redistribution between sites [156]. The coupling has no noticeable effect on the position of
the peaks, suggesting that for the parameters used (), |A| ~ wy) the change of the on-site
energy is small (U ~ U). However, an additional feature appears, centered around @
(see FIG. 3.21h), accompanied by excess |b) population left after the coupling is ramped
back down. This excess represents matter-wave shedding caused by the resonant excita-
tion of the LP band. More details about the experiments on matter-wave polaritons can
be found in the PhD dissertations of J. Kwon [107] and Y. Kim [108].

3.6 Multiexcitation effects

This section reproduces the study [70] on the consequences of having more than one excitation in a
wQED system, replicating it verbatim, or adapting the ideas for a more consistent discussion and
adding new explanations (see Section 3.6.4). In either case, they consist of original ideas developed
by the author.

FIGURE 3.22: Two-excitation sector of a N = 2 wQED system. a, Two quantum emitters coupled to
a waveguide. The strong periodic modulation of the index of refraction in the waveguide induces
a single-band dispersion relation for the photons inside. b, Adjacency graph of the matrix repre-
sentation of the system Hamiltonian restricted to a single excitation (in blue) and two excitations
(in red). The connection between the two is given by strings with two blue nodes at the sides and
a red node at the center. For clarity, some of the strings are omitted. ¢, Three asymptotic regions
of the red graph that can be decoupled as tensor products between the blue graph of either the
system and the waveguide (yellow and magenta regions) or twice the waveguide (cyan region).
Figure reproduced from [70].

In his seminal work [18] Dicke departed from the classical idea of emitters decaying
independently. He showed that, despite the lack of photon-to-photon interactions, quan-
tum emitters might be mutually influenced by sharing the same electromagnetic modes,
thus decaying collectively. From the Markovian point of view, the field modes establish
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decay channels that might be super- or subradiant, but this picture is also incomplete.
Given that there is only a semantic difference between a quantum emitter reabsorbing a
photon in a certain mode and the mode emitting the excitation back into the quantum
emitter, the reabsorption of photons can only be accounted for by placing modes and
emitters at the same level in the spirit of the WWH [8, 9]. Collective non-Markovian de-
cay is the natural next step in the study of superradiance, where the “collective” not only
refers to the quantum emitters but the emitters and field modes altogether.

As demonstrated in previous sections, several factors can cause and modify non-
Markovian decay, such as a strong coupling between the emitters and the bath of elec-
tromagnetic modes [135, 157], a structured bath [37, 40, 45] with one [50] or multiple
energy bands [51], the topology [52] and dimensionality [49] of the bath, the size [53-55]
and the arrangement [51, 56, 57] of the emitters, and the delay of radiation traveling be-
tween them [58-63]. Such effects could become prominent in large quantum networks
[61, 158]; but despite rapid experimental advancements on multi-excitation super- and
subradiance [71], their interplay with non-Markovian dynamics is an incipient area of
experimentation [92].

Theoretical studies of collective non-Markovian effects in quantum optics rely on ef-
tective Hamiltonians [47, 64, 65], numerical methods [50, 63, 66, 159], Feynman diagrams
[67-69] or analytic approximations [61]. While these approximate methods tend to be sim-
pler and more versatile, an exact solution would benefit the field in many ways: provid-
ing checkpoints for the approximated methods, inspiring new ansétze for related prob-
lems, unveiling hidden symmetries and new phenomena, and developing mathematical
tools to approach the problem. But the solvability of non-Markovian systems beyond the
single-excitation sector is unclear [47, 50, 160], as an infinite number of modes makes the
dimension of the Hilbert space diverge and the collective nature of the decay couples the
dynamics of the individual excitations through effective interactions caused by photon
blockade.

Due to the enormous difficulty of the topic, we will restrict ourselves to providing an
exact solution of collective non-Markovian decay for a minimal system featuring two ad-
jacent quantum emitters spontaneously radiating two excitations into a one-dimensional
SB waveguide. We provide techniques to analyze and solve this problem and empha-
size the connection between the sectors with one and two excitations. The solution has
a plethora of features: multiple super- and subradiant states, algebraic decay, mixed al-
gebraic and exponential decay, fractional decay with bound states in and out of multiple
continua, as well as logarithmic corrections to the algebraic decay. We also establish a
simple criterion to ascertain the presence of collective non-Markovian decay.

3.6.1 The two excitation sector

We consider the same system as in Sec. 3.5.1: two identical QEs coupled by ¢ to a 1D
structured waveguide (or coupled-cavity array [121]) with period d and hopping rate J.
The dispersion relation of the waveguide features a SB. The excitation energy %A of the
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QEs is best interpreted as the detuning A from the middle of this band, as it can also have
a negative value. The QEs are fixed to adjacent lattice sites of the waveguide (represented
in FIG. 3.22a).

Such a system is described by a WWH, which in the Wannier basis reads as
A/h= A Z it - J Z (Bfbja +Bibliy ) +3 2 (a6 +4h), (382
=

where 4 a] |1“> (0] is a fermionic creation operator and bJr |1]b> (0] + \/§|2;’> <1]b| + ... s

a bosonic one.

We will study the dynamic evolution when the two emitters start off excited. Since the
Hamiltonian conserves the number of excitations, we could expand it in the sub-basis of
two-excitation states

(1)) =A(t)ajag [0) + ) B;y(+)b]D} [0)
i<
. " " (3.83)
+ Y By (016 o) + LG (0afb}10),
j=—c0 i

where A(0) = 1and B, (0) = C;;(0) = 0. The factor of 1/+/2 is necessary to make the
basis orthonormal.

Following the above approach results in a large, sparse matrix representation of the
Hamiltonian. To gain insight into the underlying geometry, without necessarily comput-
ing this matrix, we introduce a graphical representation of the problem, illustrated in
FIG. 3.22. We start with the adjacency graph of the Hamiltonian for a single excitation
(FIG. 3.22b, in blue), which resembles the actual system (FIG. 3.22a). Then we denote
two-excitation states by drawing strings between any two points of this graph. Because
of fermionic exclusion, no such string can be drawn with both ends at the same QE single-
excitation basis state (represented as a blue ball with a A). To produce the nodes of a new
graph representing two-excitation states, we mark the centers of these strings (in red)
with the total energy of the state, which is given by the sum of energies at the two ends
of the string due to the absence of interactions between excitations (other than fermionic
exclusion in the emitters).

Edges in the blue graph induce corresponding edges in the red graph. More specifi-
cally, every excitation experiencing coupling or hopping is represented by not only a blue
edge but also several red ones, one for every two-excitation state containing the excita-
tion. The induced transition rates are identical to the original rates, except for an addi-
tional factor of v/2 when either the initial or final configuration contains two excitations
in the same site (bosonic enhancement).

The resulting red graph is the adjacency graph of the Hamiltonian restricted to the
subspace of two excitations; despite the 1D nature of the waveguide, the graph resembles
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that of a coupled 2D system. There are asymptotic regions that factor into tensor prod-
ucts of simpler graphs. Those simpler graphs are (1, in yellow and magenta) the original
blue graph, and the one corresponding to an emitterless waveguide containing a single
excitation, or (2, in cyan) two such emitterless waveguide graphs. Physically, this decom-
position implies that the two excitations are independent and distinguishable when they
are infinitely apart. These decompositions will be instrumental in finding and interpret-
ing the general solution, which justifies why we solved the single-excitation case first (see
Sec. 3.5.1).

We emphasize that the bosonic/fermionic properties of the particles are engraved in
the geometry of this diagram. As a result, even a classical (non-planar) circuit board
[161] following this graph could serve to test and simulate the dynamics of this quantum
system.

3.6.2 The master equation approach

Collective decay [18] has been traditionally approached through reduced density matrices
that obviate the evolution of the waveguide, treating it as a photon sink. Here we present
such a Markovian approach [163] for completeness.

When each of the QEs is holding an excitation there is no phase relation between the
two excitations, despite the initial state seeming symmetric. This allows for the system to
decay into either the symmetric or anti-symmetric decay channels presented in Sec. 3.5.1ii
(see FIG. 3.23).

The density matrix p = Trg |¢) (| resulting from partial-tracing over the waveguide
subsystem B follows a dynamics that in the Markovian limit are described by the master
equation [163]

2 4
. . At A r A A A A A A
o= —i LZ Aa}ra]-,p +) 71/ (2(%;)(’)5 —p0Ot0, - O:ﬁ(%p) , (3.84)
=1 v=1
FIGURE 3.23: Decay channels and rates for atal |o)
the superradiant cascade of two excitations
leaving two emitters through the coupling
to a single sinusoidal band. Figure inspired (1+4)T (1-4)T

by [162] and reproduced from [70].

7 (a1 — ) |0) - (a1 +aj) |0)
(1 +A)\ (1—-A)T
10)
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where v runs over the decay channels of FIG. 3.23, for example I'y = (1 + A)[ 'and O =
V1/2 (a3 — a%) |0) (0] 414,. This results in a 4 x 4 density matrix that is diagonal in the
implied parity-explicit basis and describes exponential decay of the total population of
the emitters,

1-A 1+ A 4N?
At A At A (1 ATt (1+A)Ft 2T't
Tr <a1a1 —+ a2a2> o= —1 e -+ —1 e — —1 5€ . (3.85)

We note that this decreases monotonically, so although they cooperate, two distant
quantum emitters are not enough to produce a superradiant burst [164].

The decay channels illustrated in FIG. 3.23 become identical at A = 0, and (3.85) re-
duces to the decay of two independent emitters. This signals a suppression of the collec-
tive effects, similar to the single-excitation case discussed in Section 3.5.1.

Another relevant observable (see Section 3.6.6) is the probability of finding exactly one
excitation in the emitters,

sta L ata  natata a 1-A - 1+A 1+A% _
Tr <a~{a1 + agaz — 2a{a§a1a2> p= ]-|-—Ae (1-A)It + me (14+A)Tt _ 2@(3 2Tt
(3.86)

The global maximum of this function is 0.5 at A = 0 and I't = log 2, so any evidence of a
higher value would signal physics beyond the Markovian approximation.

3.6.3 Secular equations

The SE for (3.83) simplifies when written in terms of the transformed field |¢(w)) and
then brought to a form that accommodates the asymptotic solutions of the system (see
Sec. 3.6.1). For this purpose, we introduce the Bloch modes of the waveguide via f)q =
Z]- e—iqd(j=3/ z)f)j, where q € (—k,, +k/| is the quasimomentum (restricted to the first BZ
because we only consider one band). Also, for simplicity and without loss of generality,
we use the hopping rate to establish a natural frequency scale 2] = 1. The transformed
wavefunction in this picture is described by a set of amplitudes

P(w)) = A(w)ajal |0) + Y Bpq(w)bybf |0)
(3.87)
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that are connected by (see Appendix A)

(- q g ind
A=t o, % (e TCoqte leq)
2 ) . . .
B —__ 8 d(3-7) ¢, d(3-1) .
By<qg = o—w,—w, El (elp (3 ])C],q + e (3 ])C],p> (3.88)
= \2g 2 (31~
Bq,q = w_—2wq]§1 elq (2 ])C]/q s
\ =

and in which Gy (w) = Cf ;(w) for w € R; while determining Ci,4(w) interweaves po-
sitions and momenta, evading a simple treatment. However, it is possible to proceed by
introducing the analytic function

C(w,z) = i Cl,j(w)zl_j (withz € C), (3.89)

je—eo

which simultaneously captures the position distribution of the amplitude C~1,j(w) in its
Laurent coefficients around z = 0, and the momentum distribution on the unit circle
z = ¢l ¢ Gl
. igd ~
C(w, ') = e*qTCLq(w). (3.90)

After (anti-)symmetrizing this function,

Colw,z) = % (C(w,z) + gC (w,z‘1>> , (3.91)

the secular equation becomes

1 3 1/2 + gCio(w) Z+o Co(w,z')dz’
Colwz)=¢ <E+‘7> “"(5‘”)( o e )
(392)

where the contour integral is positively oriented around S' and §w == w + (z +z71)/2is
the dimensionless counterpart of the energy left in the state after losing one of the excita-
tions to the waveguide, /i(w — wy). The reappearance of (3.65) establishes the connection
between one and two excitations analytically. We clarify that C; , refers to the transformed
tield amplitude of having one excitation in emitter 1 and another in the waveguide at the
position of emitter 2; this term can be treated as a constant from the perspective of solving
the integral equation, although it couples the symmetry sectors o = £1.

To the best of our knowledge, this complex integral equation has not been studied in
the literature. In the next two subsections, we develop the analytical tools to solve it based
on two intertwined concepts: symmetries and the analytic structure of the solution.
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3.6.4 Explicit and hidden symmetries

An exact solution has escaped the community for 70 years after Dicke’s seminal work
on superradiance [18] because multiparticle problems that do not adhere to the Bethe
ansatz'® [167] are broadly regarded as lacking enough symmetry to be solvable!®. How-
ever, in physics, it is common to model complex systems as simpler highly-symmetric
objects: like when Earth is approximated as a sphere, or the universe as an isometric and
homogeneous space-time metric. So why not use simpler functions to model solutions of
equations that we cannot solve otherwise?

Normally, in physics such models are born from intuition and judged by their results;
but we can establish this notion with mathematical rigor. Consider looking at a person for
instance. Intuition might tell you that most of us are left-right symmetric, but a number of
details such as the shape of your hair or the position of freckles break the symmetry. It is
highly tempting to regard it as an approximate symmetry, but to quantify the differences
between a person and his mirror image is just too hard. Mathematically, one would have
to define a distance function between complex systems and apply it between the original
system and the transformed one. Our approach bypasses this difficulty: we propose to
use an equivalence relation “~” and group all “equivalent people” together. For instance,
we could say that two people are equivalent if they have the same number of fingers on
the right hand and also the same number of fingers on the left hand. Then the group of
people (known as the “equivalence class” and denoted by “[e]”) that have 5 fingers on
the right and 5 fingers on the left is perfectly left-right symmetric, even if the individual
members are not. This is because the reflected image of any one person in this set is yet
another person in the set.

One might think that this way of manipulating symmetries is too loose to find exact
solutions, as a big deal of information on the original problem is lost when taking the
equivalence class. But this is not the case —as we will see in our problem at hand- if the
chosen equivalence relation allows us to trace the original element back.

Let us focus now on the symmetries of our system. These symmetries generate a
group of transformations of the double complex plane (w,z) € C x C. We highlight the
following 3 generators:

i. The inversion (w, z) — (w,z~!) physically represents left-right parity in the system.

ii. The reciprocation (w,z) — (—w, —z) finds its physical origin in the symmetry of
the band structure w; = —wgy,. This symmetry becomes explicit in parameter space
under the change A — —A (see FIG. 3.26) and is broken when multiple bands are consid-
ered [51]. It is the one responsible for the suppression of collective effects at A = 0 (see
Sec. 3.5.1.7ii or 3.6.2). Signatures of this symmetry in single-excitation, single-QE bound
states coupled to a single band were observed in [91].

15While we won’t explore the topic, it’s worth noting that the Bethe ansatz is a significant area of research
at SBU. Esteemed faculty members such as C. N. Yang [165] and V. E. Korepin [166] have made substantial
contributions to this field.

16By “solvable” here we mean in a closed form involving a finite set of elementary functions
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iii. The substitution (w,z) — (w,{(w,z)) is motivated by the exchange of function
variable z with the contributing pole of the two canceling the denominator in (3.92)’s
integrand,

U w,z) = —bw + Véw + 1Vbw — 1, (3.93)

where by ‘contributing” we mean that it lies within the integration contour, |{(w,z)| < 1.
This inequality is generally strict except for z € {*! (w,S!), at which the integration
contour crosses a pole and the integral is not well defined. In this way, {*! (w,S!) defines
two mutually-inverse branch cuts in the shape of curve segments connecting the branch

points {*! (w, 1) and Z*! (w, —1). These cuts are present not only in C,(w, z) but also in
g (0w).

The function { has many other mathematical properties, such as {(w,z) = {(w,z71),
l(w,z) = —{(~w,—2), or {(w,{(w,z)) = z*! (for |z]*! < 1), that ensure the closure
of the symmetry group. From the point of view of physics however, the substitution is
a rather abstract symmetry: it leaves certain properties of Cy(z) invariant but not C,(z)
itself.

To be more specific, the symmetry is not explicit but hidden, which can be stated
mathematically. In the following, we treat w as an implicit constant and only show z-
dependencies. Also for simplicity, we restrict the z-domainto C \ (S* U ¢ (S') U~ (S!)).

Let us denote by sl(z) := signlog|z| the sign of the logarithm of a number’s absolute
value, by
P(z) }
R = P,QeClz 3.94
{o&poecs 399

the set of rational complex functions, and by
A=7R(1,(,sl,sll) (3.95)

an algebra (under the usual operations) of functions of the form

x(z) = r1(z) +r2(z)m if |z| <1 (396)
r3(z) +ra(z) Y2 if[z] > 1 '

where 11,12, 73,74 € R. This algebra is closed under the symmetry group discussed above.
We note that the functions in A need to be defined by parts to accommodate for the
symmetry z — ({(z)) = z71 (1 +sl(z)) /2 + z(1 — sl(z)) /2.

Since functions in A have simple expressions that can be found a posteriori, we can ‘set
them aside’ through an equivalence relation

firfhedmalc Al fi—af, € A (3.97)

This relation greatly simplifies the problem. For instance, tweaking Eqn. (3.92) to simplify
it while retaining the new solution ®(z) in the same equivalence class, [®(z)] = [Cy(2)].
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There are many choices for this; we propose

d(z) = 2 1 + 21z Vow' +1()dZ (3.98)
z-1 1\ 4 1428wz’ +22 m 27Ti Y :

where 6w’ = w + (z/ +2z'71)/2 and the integration takes place around a positively ori-
ented circle of radius 1~ and center in 0.

We work out the properties of this equation in Appendix C with the main result being
that the solution is equivalent to an incomplete Legendre’s relation

Co(z) ~ @(2) ~ K(k"1E(x(2);k) — KPE(k" 1) F(x(2);k) — (1 — K*)K(k V) F(x(z);k)
(3.99)
(see TAB. 3.2). With this, we choose ® as a canonical representative for the solution, as it
is more explicitly symmetric (see (C.1)) which translates in

[Co(2)] = [Co(E(2))]- (3.100)

This characterizes z — {(z) not as a symmetry of Cy(z) in the space of functions, but in
the quotient space of equivalence classes. Such a condition is a lot less restrictive on the
requirements of invariance that symmetries should satisfy, and therefore it is expected
that this method will apply to many other problems.

FIGURE 3.24: Domain coloring plots

a b - Tl
« e of functions C,(z) (a) and ®(z) (b), and
" /C(%’:M o {(z) (c). aand b extended analytically
™ / to an co number of Riemann sheets
-2 /\ (only 4 shown), connected through the

branch cuts ¢*! (S!) that are repre-
sented vertically. These are also branch
cuts of {(z), which are represented in
c together with S! as thick black lines.
The plots have a complex frequency of
w = (1-1) (ﬁ—Z) /2, parameters
A =0and g = ¢ =1, and a plot range
of [Rez| < (14 +/5)?/4 and |Imz| <
(14 +/5)/2. Figure reproduced from
[70].
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TABLE 3.2: Set of formulas for the evaluation of Cy(z) through (3.102). Table reproduced from
[70].

Increments of C,
(28C1 10— 1)Lv ~20(2gCy0—1) Y2z G10)
1

0C,(z) = e 2Cy(z) =

8 ([s72(0w—8) 0P~ 5652 ) (g2 (432 +0) +2%) & (Ig2(0w—0) - ]2*"1“”")([g’z(”z”zﬂ)ﬂf]z*(Zf”)z>

ow+o

The ® function
2_ .

(14 w) + 25371 (-1) - ZHEANE)

(x;k) — PE(k"')F(x;k) — (1 — K*)K(k"1)F(x;K))

Elliptic integrals
incomplete complete

15 kind 2nd kind 15 kind 2nd kind

K = Iy i = Jo £ dr K(k) = F(1;k) E(k) = E(L;k)

Eccentr1c1ty Amplitude

§ — @2t /@=2/wi2 r o K sgime s \/ (2)-2(1) \/6*1#1)*@(*1) -
2 Vr i)\ @D\ T D

Rew — | HlifRew >0

SENREW =1 _1 otherwise

_ —K(k)sgnRew (2717 | ¢

®E) =75 R( 6 T
sgnke w

— g7rik ( (k 1)E

+1lifImw >0V (Imw =0ARew < 2)

sgnimw = { —1 otherwise

The rational function r,
ro(z) = ¢ (zSC,,(z) + 20C, <l>) \/:ng:‘; [§72 (0w —A) — 0]
+(28C110 = 1) L a0(z0i) (0 +271) 2ai 1+26wlzm‘+231 - (172L712)(1172m2*1)>
20(2d(2)+1) L9=C _[o=2(5w—A)—0]) (1—2z2
(22, + 2024 + 1) (201 — 0) = 48%20 ag(z) = ( o 5[ D ; )
2 (15 2(0w-0) -0 - §55) (5720224 4 )

Special field amplitudes

5 Yi0u(z) = 24 (B0 000 (26) ) = (Lo 00 (2a1) )
2gcl’1 - ):u,x a(z4i) 2gc1’2 “2 28 ):m‘"a [E2) -1

3.6.5 Analytic structure

The analytic continuation of C,(z) can be investigated by modifying the integration con-
tour of (3.92) as z is displaced across the branch cuts (see App. B for details). Crossing
¢ (S') results in an increment 6C, (z) in the function, which is again lost if the same branch
cut is subsequently crossed in the same direction. By inversion symmetry, the situation is
analogous when crossing { ! (S'), while the increment becomes 0z~ 16C,(z71).

The analytically continued function is strikingly similar to the original: whereas the
simple poles of C, inherited by 4, in (3.92) relocate, the branch cuts (which are indepen-
dent of g, A and o, see (3.93)) reappear over and over in the same locations as illustrated in
FIG. 3.24. Crossing one branch cut after the other leads to an increment of +62C,, where

82Cy(z) = 6Cy(z) — 0z~ 16C, <z—1) . (3.101)

This behavior can be written succinctly as

Co(z) = %52@7(2) ((D(z) + %) - %m,(z) + %ra(z), (3.102)
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where we interpret this as a deconstruction of the analytic structure of Cy(z): ®(z) con-
tains the monodromy group of the function (it has the same branch cuts, see FIG. 3.24b)
but unlike C, it is independent of g, A, o, C~1,1 or Cllz,‘ then §°C,(z) and 6C,(z) are alge-
braic functions that fix double and single leaps (respectively) in the Riemann sheets of
the function; and r,(z) is a rational function that fixes the form of C, within one Riemann
sheet. Closed formulas for these functions are given in TABLE 3.2 and proof of these can
be found in Appendices B, C, and D.

3.6.6 Spectrum and decay

Combining the expression for A in Eqn. (3.88) with expressions for C; » (and nested defi-
nitions of z,; and &) in TAB. 3.2 yields

(Lo 00 (0,261))* = (Lo 0 (@0, 207) )

28Y v iko (W, zgi)

Alw) = (3.103)

for the amplitude of both emitters being simultaneously excited, which we use to study
the spectrum and decay properties of the system. While the spectrum is determined by
the complex singularities of A(w) (all located on the real line), the decay properties are
given by the analytic continuation in the complex w-plane [51]. More specifically, the
branch cuts of A(w) are segments along the real line representing different continua in
the spectrum; redrawing them vertically reveals other singularities (as in FIG. 3.25a) that
characterize the decay dynamics.

The spectrum of the system is easily understood physically. There are simple real poles
that represent bound states with both excitations located around the emitters. These poles
satisfy the equation

Y o (w,z4i) =0, (3.104)
o,i

and they can be located away from or on the branch cuts (in which case they represent
bound states in the continuum and, consequently, they are hard to distinguish with sim-
ple numerical approaches, such as a brute-force diagonalization of the truncated Hamil-
tonian). The largest of these cuts is [—2,2] and it represents two excitations emitted into
the waveguide. Additionally, a cut is formed at [e,; — 1,&,; + 1] (for some i € {1,2,3})
when one excitation forms a bound state of parity ¢ and dimensionless energy e,; =

— (zm' + z(;l.l) /2 (see Sec. 3.5.1) and another excitation is delocalized over the waveg-

uide. We note that Eqn. (3.104) is exact, in contrast to previous approaches used to com-
pute multiexcitation bound state energies, such as variational [50] or perturbative [47]
methods.

To access the decay properties, one needs to analytically continue A(w) beyond these
branch cuts. For most of the calculations, this can be done by reverting the signs of
the square roots appropriately. The situation is complicated by ®(w, z) when w crosses
[—2,2] (see FIG. C.1): the two branch cuts in z-space, +1 (w, Sl), come into contact when
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w € [—2,2] and, as they separate beyond this continuum, a new branch cut crosses from
one to the other. This topological change in analytic structure is important for under-
standing the collective decay of our system.

The analysis reveals several sources of decay:

i. Solutions to the analytic continuation of (3.104) that do not describe bound states,
contain the collective exponential decay rates. Mathematically, they are simple poles p in
the continuation of A(w) and, while their frequency is Re p, the amplitude decay rates
are given by —Im p. In some cases, this decay rate might exceed the Markovian super-
radiant prediction 2I'/2 (for instance, for A = —0.8 and ¢ = I' = 0.3 the dominant pole
is —1.5077(1) — 0.31956(1)i). However, even in such cases and in contrast to [59, 62], the
total decay is generally slower than the Markovian prediction (Sec. 3.6.2) due to other
non-Markovian effects such as the bound population at late times, or the dynamics start-
ing out as Rabi oscillations between the QEs and the sites below them at early times [91].

ii. When ¢,; € C is a pole that contributes to the decay dynamics of a single excitation
(Sec. 3.5.1), then ¢,; £ 1 is a branch point of the two-excitation problem, with frequency
Re{e,; £ 1} and a mixture of exponential decay with rate —Ime,; (which can be 0) and
an algebraic decay with an order inherited from the corresponding single-excitation band
edge (generally 3/2).

FIGURE 3.25: Spectrum and
decay properties of the system
for A = ¢ = 1. a, Simple
poles (open circles) &, of
the transformed symmetric
(c = +1) and antisym-
metric (¢ = —1) emitter
amplitudes d,(w) split into
branch points (solid circles)
gsi =1 of the doubly-excited
amplitude A(w). Black
open circles correspond to
collective exponential decay
sources. b, Corresponding
bound-state amplitudes in
Wannier space for a single
excitation (e,1,e47, and €_1)
and two excitations (BS;
and BS;). Hue encodes the
phase (red for positive, cyan
for negative) and saturation
encodes the absolute value.
Figure reproduced from [70].
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iii. In between branch points w = +2 at the borders of [—2, 2], there is an additional
branch point at the center (w = 0). All three points are a source of algebraic decay, gen-
erally of order 3 (such as the expected for quantum emitters in 2D [134]). From a mathe-
matical perspective, these singularities originate from ®(w, z) and are thus the hardest to
analyze (see the last part of App. C).

Indeed, ii and iii are what one would expect for two independently emitted excita-
tions. However, the algebraic decay orders themselves can also present signs of collective
decay. For instance, for A = 0 and ¢ = 1 (a critical coupling between Markovian decay
and bound-state induced oscillations), one might expect w = +(1 + v/2) to be the domi-
nant decay sources at very late times (2]t > 10) with an algebraic order of 1/2. However,
these sources actually have an order of 3/2, making the branch points w = £2 the slowest
decay sources instead. Additionally, assuming independently emitted excitations would
imply those sources produce algebraic decay of order 1, but there is a log?(t) correction
to the asymptotic decay that they induce,

eﬂF21t

~ D (3.105)

We note that such a logarithmic correction will be difficult to access in measurements
and simulations because the bound state contributions overshadow the algebraic decay
at exponentially late times. For any other parameter values the logarithmic corrections
are also present at w = +2 and w = 0, although not generally at leading order.

Exponential, algebraic decay, and bound states always participate in the dynamics,
but which one dominates the emission process depends on the interplay between g and
A. Qualitatively, for weak couplings g (see FIG. 3.26), the decay is mostly Markovian for
deep in-band detunings A, mostly algebraic when A is resonant with the band edges and
suppressed for detunings far outside the band, when none of the two excitations may
significantly leave its emitter (this means they form a two-excitation bound state of en-
ergy ~ 2A). As one increases the coupling, the Markovian decay for in-band detunings
becomes algebraic with pronounced oscillations that eventually become bound-state os-
cillations [91] for couplings that surpass the band width. The dynamics is not sensitive to
detuning changes smaller than the coupling.

A clear signature of non-Markovian collective behavior can be found in the probability
of having one excitation in the emitters and the other in the waveguide (the right plot of
FIG. 3.26). If we use p to denote the probability for the first excitation to be held by one
of the emitters, then assuming independence between the two excitations would result
in a probability 2p(1 — p) of having just one emitter excited. Since 2p(1 —p) < 1/2
regardless of the value of p, 0.5 is a fundamental limitation for this probability, were
the excitations independent. The collective nature of the decay allows it to break this
limitation, as seen in the plot. As shown in Sec. 3.6.2, the violation is also a sign of non-
Markovianity, because the Markovian prediction for this probability peaks at 0.5 for A = 0
when the decay channels are not collectively enhanced or suppressed.

65



Chapter 3. Waveguide quantum electrodynamics

1.0 b ]
0.8
0.6

A/(2]) 04

YilCo i+ 1Co )2

FIGURE 3.26: Dynamical evolution of the probability | A(t)|? of having both emitters simultaneously
excited and the probability > ,|Cy;(t) 2+ [Cz,j(t)|* of having only one excited for a coupling
strength ¢ = 1/3. Three white lines in each plot delineate examples of dynamics dominated by
Markovian decay (at A = 0), algebraic decay (A = —3]), and a bound state (A = 6]). The dashed
lines on the right plot are level lines of probability 0.5, the theoretical maximum if the excitations
were independent. Figure reproduced from [70].

3.6.7 Bound states with two excitations

The shape of two-excitation bound states can most easily be computed by reusing the
equations that describe the transformed field amplitudes in Sections 3.6.3 and 3.6.5. These
equations (except those for Cl,l and Cl,z in TABLE 3.2) are affine, with a homogeneous
part proportional to the field amplitudes and an inhomogeneous part. Removing the
tildes and the inhomogeneous parts (e.g. through the substitutions (2¢C; 10— 1) —
29Cy 10 in TABLE 3.2) yields equations that describe the field amplitudes of the bound
states instead.

There are two ways to justify dropping the tildes and the inhomogeneous part to com-
pute the bound states. First, the eigenstate equation is formally identical to the TSE (A.1),
except for the tildes and a “-1” that represents the initial conditions and breaks the lin-
earity of the equations. Second, the transformed field amplitudes are divergent at the
bound state energies, so the inhomogeneous terms are negligible in comparison. Scaling
the amplitudes A (from Eqn. (3.103)), C; 1 and C;» (from TABLE 3.2) with the vanishing
factor ), ; &s(24) fixes the divergent terms and yields the correct (not yet normalized)
multi-excitation bound-state amplitudes. This argument can be made more rigorous by
using the residue theorem in the IT and separating the bound states using a harmonic
decomposition of the solution. Examples of bound states are presented in FIG. 3.25b.
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3.6.8 Closing remarks

This completes the picture for the problem of two excited QEs coupled to a single-band
waveguide, which constitutes a minimal scenario for the study of collective non-Markovian
decay. The solution could be generalized to many other cases whose exact single-excitation
dynamics are known [45, 49-52, 55-57, 121, 135, 157, 168, 169]. The most immediate gen-
eralizations are to revisit the multi-photon scattering problem [64, 67, 69, 170] by means
of a different initial state; to change the distance between the emitters and investigate
delay-induced entangled dark states [61]; or to consider multiband waveguides, which —
as shown in Sec. 3.4.1-can also be done analytically and efficiently by using infinite prod-
ucts a la Euler [51].

Non-Markovian collective decay is commonly related to either strong coupling or re-
tardation delays between emitters [171]. This characterization oversimplifies the full com-
plexity of the problem, which has infinitely many degrees of freedom. We instead treat
the quantum emitters and the radiation modes as a collective in which every constituent
partakes in the decay process since the spectral decay components of the solution cannot
be traced back to individual origins.

The closed expression for the transformed field amplitudes in terms of elementary
functions exposes a spectrum with a wide variety of decay types. Whereas the amount,
frequencies, or decay rates of bound and exponentially-decaying states are independent
of the single excitation spectrum, this is not the case for the algebraic decay components.
The algebraic decay is generally caused by edges of continua involving free states, where
the two excitations can be considered to be independent. A peculiar case of algebraic
decay occurs at the center of the band, which is not singular for one excitation and does
not lead to collective decay in the Markovian limit, and yet it is a source of collective
non-Markovian decay with logarithmic modifications. These modifications might be the
result of interference between superposed algebraic decays, as they also affect the edges
of the continuum representing two free particles.

Despite their stark difference in functional dependence, logarithmic modifications to
the decay would be extremely hard to measure, as they would require interrogating the
emitters for exponentially long times with exponentially high precision. In contrast, find-
ing more than a 50% chance of having exactly one emitter excited should be feasible in
state-of-the-art experiments while also being a conceptually clearer indicator of collective
non-Markovian decay. Our results could be tested in a variety of platforms, including
atoms near photonic crystals [76] or optical fibers [86], semiconductor quantum dots [172],
matter-wave emitters [78], quantum acoustic systems [173], or superconducting circuits
[79].

We expect that the connections we established between the one- and two-excitation
sectors can be extrapolated to arbitrary excitation numbers and that the solution pre-
sented here can also be used for studies of the fundamental connection between superra-
diance, synchronization [174, 175], and entanglement [66, 176, 177].
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Conclusion

The reader who has made it until this point of the dissertation is hopefully convinced
that the work in our group makes for a rare combination in which theoretical physics,
experimental physics, and pure mathematics —in the form of wQED, ultracold atoms,
and complex analysis— are simultaneously advanced altogether. Waveguide QED has the
difficulty of relying on assumptions, simplifications, and numerical techniques that often
need external verification. Experiments with ultracold atoms are challenging to perform
due to the technical demands of running complicated apparatus, as well as the necessity
of devising, understanding, and contextualizing the experiments being done. Complex
analysis is an extremely elegant and useful formalism but it needs new problems to feed
on, and it can sometimes be hard to link it with reality or its practical uses. My research
experience during my PhD is that the fields can complement each other while iterating
theory and experiment until both converge into reliable results and measurements. The
peculiar synergy between these three fields (illustrated in FIG. 4.1) has allowed our group

ultracold atoms

@AN/NAN VRN

) g

, h g QNTR—
exact solutions b

waveguide quantum electrodynamics KW

complex analysis

FIGURE 4.1: Synergy across fields in theoretical physics, experimental physics, and pure mathe-
matics.
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to develop a slow but steady and exhaustive understanding of light-matter interactions
at the fundamental level.

From the experimental perspective, we have realized bound states below [78, 91] and
above [91] the band, being the first group to image these states. We have transitioned
between Markovian decay and coherent oscillations between BSs [91] far ahead of any
other groups [125, 128]. We have predicted [51] and observed [118] a new quasiparticle,
the matter-wave polariton. And more recently [92], we have made advanced use of coher-
ence to create slow, non-Markovian super- and subradiant states; found indirect evidence
of bound states in the continuum; created complex beats between multiple quantum emit-
ters precluding dynamics akin those of a molecule of light; produced timed Dicke states,
with some of them featuring strong directional emission akin to a quantum Archimedes
screw; and also explored the reciprocal phenomenon of how collective decay can induc-
ing coherence between the emitters.

Future lab improvements could enrich the matter-wave platform by the addition of
state-selective optical potentials or tweezers for finer control of the number of quantum
emitters [134] or the use of the state-selective light also for the creation of the lattice tubes,
which would allow more independent control of the interaction strength between atomic
species [92]. These could facilitate the observation of frustration [51], Floquet engineering
of giant atoms [134], emission into topological waveguides [52, 178], topological polari-
tons [118, 179], simulations of fermionic quantum optics [139], or scattering experiments
[180].

On the more theoretical side of wQED, the author has also made several contributions.
Some small contributions amount to clarifying the connection between atom-photon bound
states and polariton Wannier functions [78, 118], investigating the detailed spatial struc-
ture of bound states [51], or realizing that the origins of non-Markovian decay cannot, in
general, be traced back to retardation or strong coupling alone [70]. Other contributions
are the prediction of new phenomena, such as ultra-Markovian decay' next to an odd band
edge [51], the possibility of double hopping in frustrated matter-wave polariton bands
[51], or logarithmic modifications to a non-Markovian decay that is more than just ex-
ponential or algebraic [70]. Furthermore, the author was able to visualize the geometry
of a collective non-Markovian system using adjacency graphs [70] shedding light on this
arduous problem. More broadly, these contributions consist of simplifying, generalizing,
and providing exact solutions for the analysis of the effects that strong coupling, emitter
size, multiple bands, emitter arrangement, or multiple excitations have in spontaneous
emission processes.

Interestingly, when multiple sizable quantum emitters decay, there are an infinite
number of states decaying at increasing rates (see Sec. 3.5.3). A promising research avenue
would be to study methods to isolate these states as they have, in principle, no bounds to
how fast they can decay. Another direction that interests the author is to study further the
connection between adjacency graphs of Hamiltonians, the emergence of space and rela-
tivity in quantum mechanics, and the asymptotic independence between particles [70].

IMeaning decay that is strongly Markovian despite belonging to a non-Markovian parameter regime.
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Chapter 4. Conclusion

In regards to complex analysis, the author has developed tools to solve several equa-
tions using holomorphic functions on C. Remarkably, the treatment of Mathieu-like
equations using infinite products 4 la Euler [51] offers a fastly-convergent and easy-to-
analytically-continue description of the solution. Moreover, by generalizing the concept
of symmetry we were able to unveil hidden symmetries that were not explicit in complex
integrodifferential equations, also resulting in a novel solution.

In 1929, English mathematician and theoretical physicist Paul M. A. Dirac wrote: “The
fundamental laws necessary for the mathematical treatment of a large part of physics and the whole
of chemistry are known... The difficulty lies only in the fact that these laws lead to equations too
complex to be solved” [181]. Our approach to hidden symmetries may be useful in the future
development of theoretical physics, as it allows us to work with simpler versions of the
equations without loss of information. Apart from yielding exact solutions to problems
that are too hard or too asymmetric to solve otherwise, this could also help in the technical
aspects of writing a paper, where often long equations have to be brought to a shorter
form.
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Appendix A

Dynamics of the transformed field
amplitudes for two excitations

This appendix reproduces another one from [70] verbatim, with minimal adaptations.

The TSE for the transformed fields (3.87) and the initial conditions A(0) = 1 and
By,4(0) = C;j4(0) = 0 denoting two fully excited emitters, becomes

wA —1=2AA+gY (1Cy, + €1%2Cy )
~ q
wBpg = (2“’10 + wq)Byg
+gj§1 (e_i”xf(fj,q + e_iqxf(fj,p> ifp<g

_ - 2 s Al
wBgq =2wyB,,4 + \/ig '21 e*quijlq AaD
]: . ~
wCig = (A+wg)Cjq+ge' ™A
+g | T ePiBpg+ T €PNy, + V2B, |,
L p<q q<p
where x; = —d/2 and x; = +d/2 are the positions of the quantum emitters on the
waveguide. Solving for the C; ;, we get Eqns. (3.88) and the additional equation
~ iqgx; ei(pxl—qu/')C + ei(Px2+f1xj)C
(w=2—wy)Ciy= St g? - -
' w —2A > w —2A
o z’p(x]-fx]-/)él + i(pxijx]-/)él (A.2)
+Y ¢ jaTe b

We can use this equation to prove that Cy (w) = Ci‘/q (w) forall w € R. Beyond informing

us about the form of the bound states (see FIG. 3.25b), this allows us to obtain Cz,q from
Cl,q through analytic continuation. For the proof, notice that conjugating this equation
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while rewriting j — —j and j/ — —j’, the equation becomes
ei(leJF‘Ixj)Cip + ei(Px2+qxj)C;,p
w —2A

Sk _ geiqxj 2
(w—A—wq)CﬁM— w—2A+g

2 eip(xjij/)c.:jlq + ei(pxijxj/)cij/ ) (A.3)

which is identical to the original writing (A.2) after exchanging Cl,q < C;,q' Since the dy-
namics are unequivocally detern}ined by the SE and initial conditions, (A.2) has a unique
solution and therefore Cy, = C;/q. We note that this also implies through (3.88) that

A, By, € Rforw e R.

Using this result, Eqn. (A.2) with j = 1 and arbitrary w € C can also be written as

(6w — A)C(w,z) = g_/‘;A
N ¢%/z 2C(w,7) JrZzC(w,z) +C(w,1/2)/7 4+ (z+7')C(w, ') } a7’ (B4
2771 j{ w —2A 1+ 26wz + 22

in terms of the function C(w, z) defined in (3.89). After splitting C into symmetric and
antisymmetric parts as in (3.91), this equation simplifies into (3.92).
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Increments of C,

This appendix reproduces another one from [70] verbatim, with minimal adaptations.

As mentioned in Sec. 3.6.5, Eqn. (3.92) imposes a very particular analytic structure
on the function C,(z). For starters, knowing the value of the function for values of
z € S! (corresponding to real quasimomenta) allows to determine the analytic contin-
uation C2(z) of the functiontoallz € C\ (¢ (S') U™ (S!)), through direct integration
of the RHS in (3.92).

Continuing the function to C2(z) beyond the ¢ (S!) branch cut (in FIG. 3.24a, this cor-
responds to crossing from the second lowest to the lowest sheet) is possible by deforming
the integration contour, as shown in FIG. B.1. Subsequently applying the residue theorem

a (s

o FIGURE B.1: a, Domain coloring plot of C2(z) for

1| the same parameters as in FIG. 3.24. In white, a
path for z that crosses the branch cuts 7t (Sl)
(in black) is suggested. The circled numbers enu-
| merate the analytic continuations CJ(z), C2(z),
C¥(z), and C2(z) that the path traverses. b, Cor-
responding domain coloring plot of Eqn. (3.92)’s
integrand at z = 0.5 — 0.4i. The integration con-
tour (originally S!, in black) has been adapted to
avoid the mobile poles {*!(z), whose trajectory
as z follows the white path in a is marked with
white lines and black circles. Figure reproduced
from [70].

N
0.0 |-
E
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Appendix B. Increments of C,

results in
co(z) = =Bz
Viel2) (B.1)
v (2) (z)+o { Co(Z(z)) iflz| <1 '
T (z) - (2) Co(¢(z)) if [z] > 1,
where for briefness we introduced
1
zt+0o
Vi o (2) = z : (B.2)
g2 (6w — A) ia% 0

We note that crossing the same branch cut again in either direction brings you back to
C2(z), as the modification to the integration contour is reverted around the poles. This is
no longer the case (i.e. C2(z) # C2(z)) if one subsequently crosses the other branch cut
instead, but unexpectedly both increments

6Co(2) = C5(2) — G5 (2) (B.3)

and
5*Co(z) = C2(z) — C2(2) (B.4)

become meromorphic functions when multiplied by v/éw + ¢/+v/éw — 0.

The proof for 6C, is elaborated (for 62C, it then follows from (3.101)). We start by
noticing that, by construction, the only possible branch cuts of 6C; are { (S!) and ¢! (S1).
This is how the function extends when we cross them:

g(s!)
6Cy = CO — CO 5 CO — C2 = —4C,
—1(ql
0Cr =C5 —C7 ucg—cgb.

The last function can also be equated to —6C,. To do so, one should write C2(z) and CJ(z)
in terms of C2(z) and C2({(z)), which is a tedious calculation but shows that indeed the
equality holds iff

{(z)+0 z+40
{(z) - Hz)z—2z! (B.5)
+ (V25 (2(2) —v2h @) (vik(z) —vIh(2)) =0,

which, in turn, holds because

V) o) = s
w0

This concludes that 6Cy(z)v/éw + 0/+/6w — ¢ is meromorphic.

(B.6)
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Appendix B. Increments of C,

In fact, using these formulas and briefly denoting sl(z) = signlog|z| for all z ¢ S' U
{0}, one can rewrite the function as

I e)
o )0 C2)

(B.7)
2 Vow—go oy, LEFC oo
ct+z ' '\wto | Colz) = zg(z)_gfl(z)cv(g( )

which can be regarded as the way in which C,(z) transforms under the z <+ {(z) hidden
symmetry (see Sec. 3.6.4). We use this formula to extract the symmetries of 6C,,

) , (B.8)
5Cz (¢ (z)) = sl(z) yfgg*g < S ; ”; 7 5C,(2)
With these symmetries, we build up the projectors
2),0(6(2))
PunAfe}(2) = § (ful2) + ¢ 1—<<;>f =) (B9)

Pe{fa}(2) = & (fol2) + sl @) VR e s 2 £, (4(2)))

that take functions of the form meromorphicx /6w — ¢ /+/éw + ¢ and imbues in them
the corresponding symmetry. P; o Py, spans a linear subspace of functions so limited that
only one has the correct asymptotic dependence for §C,(z — o0), which can be found by
using (3.92) to extract

1g (1 + ZgCLz)

Co(z) =0z~
w=2A ) (B.10)
n 1—-20(w—A)+29C11(w —2A) +29C1 (1 — ow) L0 <273>
g z22(w —2A)
and combine it with (B.7) to obtain
6Cy(z) = 8¢°z73(2¢C110 — 1) + O (Z_4>
(B.11)

= 8¢%02%(2¢C1 10— 1) + O <z3) :

The only function matching the symmetries and asymptotic dependence is listed as 6Cy (2)
in TABLE 3.2.
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The function ¢

This appendix reproduces another one from [70] verbatim, with minimal adaptations.

The core idea behind our solution is that since the overall form of the analytic structure
of Cy(z) (see FIG. 3.24) is independent of the system parameters, we can define a simpler
parameter-free version ®(z) of the function hosting the same overall structure.

Starting from Eqn. (3.98), we have the following properties.

i. Symmetries:

®(z) = —D(1/z2)
{ D(z) = sl(z)(P(Z(z)) +1/2) (C.1)
ii. Asymptotic expansion:
®lz) = zliii +0(|=7) (C2)

iii. ®(—1) = 0and (z —1)®(z) € H(C\ (¢ (S') U 1 (S!))). This can be used to
regularize the integral equation of (z — 1)®(z) in the unit circumference. This allows for
a Picard iteration scheme to both prove existence and uniqueness and to compute the nu-
merical solution of the equation, albeit not efficiently.

iv. Analytic extension (see FIG. 3.24b). It can be achieved by carefully changing the
shape of the integration contour, completely analogous to the study of the analytic exten-
sions of Cy(z) presented in App. B.

v. An algorithm to compute @ is the following. Due to the analytic structure of this
function, it can be written as

_ 1 1+ an" Jow —1 1
*E) =2+ -2 Vewr1 P <gmmr €3

Applying (C.1), this has to be equal to

I+ anl(z)" z 41
®(5) = 0T 2o

Vz €C, (C.4)
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Appendix C. The function ®

where the convergence is improved to the whole complex plane thanks to the fact that
always |{(z)| < 1. Now, one can show that any function with the generic analytic shape
of (C.3) that also has property (C.1) satisfies equation (3.98). In other words, enforcing

®(z) = Pg(z)  V|z[ <min{|g(1)]7 [¢(-1)[7"} (C.5)

can be used to fit the real coefficients {a,}$> ; unequivocally, and subsequently evaluate
® in any point of the complex plane through the expression for ®;(z) in (C.5). Since
it is essentially solving a least-square problem, this method is efficient in practice if one
chooses to enforce this along equispaced points on the circumference S! excluding the
singular z = 1 (this choice makes the branch cut of the a,(w) to be at w € [-2,2]). And
the accuracy of the algorithm gets compromised the closer one gets to this branch cut.

vi. The analytic structure displayed in FIG. 3.24b simplifies greatly by taking the
derivative with respect to z, to the point that it can be expressed algebraically as

(z—20)(z— 2 )z~ {(20))(z ~ { " (20)) VB 1
(6? ~1)22(z — 12 NESY

where z is one of the four symmetric points where ®'(zg) = 0.

P (z)

(C.6)

vii. Reintegrating the expression above means that ®(z) can be expressed in terms of
elliptic integrals [182]. In the Legendre normal form, the incomplete elliptic integral of
the first and second kind we use are presented in TABLE 3.2 together with the integrated
expression for ®(z). Our choice of branch cuts for these functions matches the branch
cuts of their respective integrands (where we also choose arg\/z € (—mn/2,7/2]).

While integrating, it is useful to notice that zy = zg(w) can be extracted from

-1
z0 + 2, :g_w+2 1_ 2w (C7)

222 w+1+k.<1_M)

whereas taking the opposite sign in the large square root yields w + ({(zo) + ¢! (z0)) /2
instead. Also one can express the residue

-1
Res{®(z),z =1} = w2+ w)k K (k_1> : (C.8)
s

The second line in the closed formula of ®(z) at TAB. 3.2 is very particular and, al-
though there is no value of w or z such that x(z) = 1, if we enforce this, the second line
becomes £1 due to Legendre’s relation. In other words, excluding algebraic functions
(see Sec. 3.6.4), ®(z) is a modification of Legendre’s relation for incomplete elliptic inte-
grals.
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Appendix C. The function ®

FIGURE C.1: Analytic continuations of ®(w,z). The central image is a domain coloring plot of
Res{®(w,z),z = 1} in the complex w-plane. Around it, we show domain coloring plots (this
time in the complex z-plane) of ®(i,z) and ®(£2 + ei™/3/2,7) forn € {0,1,2,3}, together with
the analytic continuations @4 (—i £1/4,z) and ®+(+2 + e™/3 /2, 7) for n € {4,5}. At values
w =24 ¢"/3/2, we also indicate how the function analytically continues in z € C. For simplicity,
instead of complex axes we use the w-values 0 and £2 and the z-values of -1 (black dots), 0 (small
crosses), and +1 (white dots) as a reference system for the complex coordinates. Figure reproduced
from [70].

viii. If we include the dependencies in w explicitly, we have the additional symmetry

sgnRew 2w (22 + wz +1) K (k~}(w))
(22 — 1) vVk(w)Vow + 1w —1

P(w,z) =P(—w,—2z) + (C.9)

ix. There is a two-particle continuum at w € [—2,2], which represents a branch cut
in the w plane. We can use the closed form of ®(w, z) to analytically continue it beyond
the branch cut, which will be needed to compute the super- and subradiant states of the
system. For that purpose, we introduce ¢ = {(w, z) as

2@ e [t ) [ i e
é‘1—c<—1>@<z>\/ MRS VEE \/ MR 10
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Appendix C. The function ®

where x (07) denotes the limit of the amplitude x (see TAB. 3.2) when z — 0. It can be
shown that ¢ € {—1,1} is a sign dependent on w and z. Consequently, the extension
P (w,z) of P(w, z) when w crosses the positive part of the continuum (0, 2) can then be
written as

—K(k) vk sgnR -z 241 —1 ezt
@..(z) = H I BRREE <1Z—g<zz>+§_1(1+‘”>+2§?“‘”‘%5 1‘2))
g2 (e (x k) K 2EWF (k1) (k2K (K)E (x_l;k_l(l)l-l)

It should be pointed out that ®, (w, z) is a continuation in the space of functions that
still have a z dependence to be evaluated. To know the analytic extension of the function
evaluated at a particular zg € C, one additionally has to take into account all the instances
in which a branch cut of ®(z) or ®(z) crosses the point zg and correct for them accord-
ingly. This is needed e.g. to plot A(w) in FIG. 3.25a.

We caution that expression (C.11) is only valid for Re w > 0 and Im w < 0if (0,2) is
crossed from above to below (as illustrated in FIG. C.1), or for Re w > 0 and Im w > 0 if
it is crossed from below. The corresponding continuation ®_ for w crossing (—2,0) C C
can be computed as

sgnRew 2w+/k(w) (2> + wz + 1) K (k(w))

®_(w,z) =P (~w,—z)+ (22 — 1) Vow + 1v/ow — 1

(C.12)

using the symmetry (C.9). Interestingly, ® and ®_ have the same z <+ z~! and z +> {(z)
symmetries as ® (see (i)), but they cannot be obtained through the algorithm described
in v because their analytic structure is fundamentally different. They have an additional
branch cut joining the previous two cuts ({*! (S!), see FIG. C.1). The appearance of this
branch cut is topological and is the essence underlying the difficulty in computing super-
radiant decays in the system at hand.

x. An additional surprise is the center of the continuum w = 0, which is a branch point
in the middle of the branch cut. This again can be appreciated in FIG. C.1, where two
paths with different winding around this center lead to very different functions, although
the paths end at similar frequencies. Obtaining an asymptotic expansion around w = 0 is
very difficult, even with computer assistance and despite having a closed formula for the
® function and its analytic extensions. The reason is the intricate w-dependence of the
function, which makes the problem intractable by ordinary methods. However, we can
prove that
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SI(Z)CI)((U,Z) :}L—F%log (Sl(z)g)_{_iw 1 +4l+(7'l' 61 10g2)<Z+Z )

z+1) 7 (z2-1)2 8 21t(z—z71)2
4— -1 -1\2_1 -1)3
n (z+z7")+(z+2z7) 1 (z+z71) w?log w+O(w?)
i (z—z71)

(C.13)
by comparison to the logarithmic z-derivative of (C.6), which splits in simple summands.

As we can see from the log w terms, ® is responsible for the logarithmic corrections to the
decay. Analogously one can find the behavior for w ~ -2,

P(w,z) = %arctan ((1_|_\/§) \/m> _1+ z(14z) (w+2)

342v2—z) 2 V3-2v2-2\3+2v2-z 27
2(z41)V3-2v2—2V/3+42V2—z (1 | 82(1—4z+422) )
= 4log2—————5—1 2 2
* 167(z—1)* p FimHalog2——g—o oy loglw2) | (w+2)
+0 <log(w—i—2)(w—|—2)3> :
(C.14)
Using (C.14) together with the symmetry (C.9), we find as well the behaviour for w ~ +2
2z log (¥=2 —
(I)(w/z) — Z Og( 16 ) +E arctan (\/§+1> L\/m _1
m(1-2)Vz+2v243V2-2v243 T z+2v/2+43) 2
(z+1)log (%) 42
B z2+6z+1 z+1?  z(w—2)
\/z+2\/§+3\/z—2\/§—|—3 2m(z—1)
(z4+2823+382%+28z+1) log (%22) L2 (244423 —182%+4z+1) z(w—2)?
2

<Z+2\@+3>5/ 2 (z—zﬁ +3>5/ (z+1)4V/z+2v2+3v/z—2v2+3 | 327(z—1)
+0 <log(w+2)(w+2)3> :

(C.15)
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Constructive proof of the connection
between ® and C,

This appendix reproduces another one from [70] verbatim.

By design, Cy(z) and $62C,(z)®(z) have a similar analytic structure with the same

increment every two Riemann sheets (see FIG. 3.24). As a result, Cy(z) — 36*Co(2)®(2)
can be thought of as having only two Riemann sheets. The sum of these two sheets gives
ro(z) = 2Cy(z) — 6°Cy(2)(®(z) + 1/2) + 6Cy(z) (equivalent to Eqn. (3.102)), which is a
meromorphic function by construction.

The functions generating r,(z) all obey certain symmetry rules for the inversion z <>
1/z and for z <+ {(z), which in terms of r, read as

To (%) =10(z)0z (D.1)
and 140/2(2)
(o z
e (02) =~ g/ e £ e, (D2)
h
where (z) = £Calz)-20Cy(2) (&u—a n é(Z)fé"l(Z)) (D.3)
Yo = 7(2)+o 1+0/z 2v_4(z) ) ’

These symmetries can be imposed in any ansatz f,(z) for rs(z) through the affine
projectors (in the space of meromorphic functions)

{ Pinoifo}(z) = (fa(z) - %fg <%>> /2
1

D.4)
Plfe}(z) =2 - L0 (£,(0(2) = 10(2)). (

Furthermore, joining the asymptotic expansions for the components of r,(z), one obtains

ro(z) = Zagl +2¢Cq n 2gl+2gél,1(w—ZA)—ZU(w—A)+2gCL2(1—aw) L0 ( 1 ) . (D.5)

(w—2A)z (w—28)22 z3

This allows expressing 7,(z) as a rational function resulting of the sum of all of its 12
poles, which are simple and match those of (52Cg(z) (see TAB. 3.2). However, thanks to
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the multiple symmetries of r,, not all of them need to be computed. It is sufficient to
compute the three roots {z,;}3_; of the polynomial (z* 4+ 2Az + 1)(z — 0) — 4¢%z, since
the remaining ones are given by 1/z4;, {(z4;) and 1/{(zy;). Thus one can take f(z) to
be a sum of three simple poles located at z,; and, when assigned with the appropriate
residues, 7o = P;{Piuo{fs}} (equivalent to the Eqn. for r, in TAB. 3.2), because the pro-
jectors force the correct asymptotic behavior and the rest of the poles on the function. The
particular choice of these z,; is intentional, as they correspond with poles of §°C(z) but
not of Cy(z), 6Cy(z) or ®(z), which helps to calculate their residues (leading to the ex-
pression for a,(z) in TAB. 3.2).

Comparing the leading order of r,(z — o0) as given by TAB. 3.2 and (D.5) we get

[6V]

1+2gC -
8 oA _gz o= (28C11—0) 1_21 o (20i), (D.6)

which can be interpreted as two linear equations (c = ﬂ:1~) with two unknowns (Cl,z and
C1,1). The solutions are the expressions for 2¢C; 1 and 2¢C; > in TAB. 3.2.
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