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Abstract of the Dissertation

Exploring Collective Radiative Phenomena
with Ultracold Matter Waves

by

Youngshin Kim

Doctor of Philosophy

in

Physics

Stony Brook University

2024

Ultracold atoms find applications in the simulation of diverse phys-
ical phenomena spanning from condensed matter physics to cos-
mology. They can also be used to simulate quantum optics, using
atomic matter waves in lieu of photons. Such an approach allows
for investigations of waveguide quantum electrodynamics (QED),
which deals with quantum emitters coupled to a one-dimensional
photonic environment. The geometric confinement and presence
of bandgaps enable tunable long-range interactions and quantum
information processing with photons, but also challenge Markovian
theories of open quantum systems.

In this dissertation, we explore collective radiative effects in waveg-
uide QED with ultracold atoms. As initial states, superfluid (SF)
and Mott-insulating (MI) phases are prepared in an array of matter-
wave emitters. When the vacuum coupling is adiabatically turned
on in a bandgap, we observe the renormalization of transport prop-
erties and access the polaritonic energy branches with modulation
spectroscopy. When the vacuum coupling is suddenly turned on
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in the continuum, we observe super- and subradiant emission of
matter waves from the SF phase as well as directional collective
emission. The slow propagation of matter waves allows us to in-
vestigate non-Markovian collective dynamics, including the onset
of superradiance and a beating of atom-photon bound states in
and outside the continuum. In the MI phase, we directly probe
the spontaneous formation of coherence first described by Dicke,
and demonstrate the coherence induced in a non-decaying specta-
tor state of the emitters.

The results presented in this dissertation establish ultracold atoms
as a versatile simulator of many-body quantum optics, opening the
door to future studies beyond canonical configurations.
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Chapter 1

Introduction

Quantum many-body systems are intrinsically hard to simulate due to their
large number of degrees of freedom. The quantum states of a collection of
M two-level systems, for example, require 2M -dimensional Hilbert space, as
opposed to the classical counterpart described byM bits. This leads to the
idea of using quantum systems themselves for the purpose of quantum simula-
tions, as proposed by R. Feynman [1]. We can build a physical platform that
is programmable at the quantum level, either in the digital or analog manner,
such that important models can be simulated in a range of parameter space,
deepening our understanding [2]. Since the �rst realization of Bose-Einstein
condensates (BEC) [3, 4], ultracold atoms have been a major force driving this
�eld, as the low temperatures and precision controls bring the macroscopic co-
herence and scalability. Indeed, quantum phase transitions were �rst observed
with ultracold atoms in optical lattices [5], and there have been a large number
of important works afterward [6{12].

While many experiments are being aimed at condensed matter systems,
there are also emerging creative approaches to simulate diverse physical mod-
els, such as lattice gauge theories [13], quantum chemistry [14], or even cos-
mological models [15]. A proposal by de Vega et al. suggested that ultracold
atoms in an optical lattice can be also used to simulate radiative phenomena
[16, 17], where atomic matter waves replace photons, and the potential wells
play the role of matter-wave emitters. Our lab has pioneered implementing
this idea of simulating quantum optics and analyzing it in detail [18, 19]. The
previous experiments from our lab have demonstrated spontaneous emission
of matter waves [20], which is an emblematic process of Weisskopf-Wigner
theory, as well as novel scenarios such as emission into a photonic crystal and
formation of atom-photon bound states [20, 21].

The matter-wave platform turns out to be particularly suitable for waveg-
uide quantum electrodynamics (QED) [19], a nascent �eld of quantum optics.
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Waveguide QED has two important characteristics distinguishing it from con-
ventional paradigms in quantum optics, such as cavity QED [22]. The �rst
is that it deals with quantum emitters interacting with photons mainly in
one-dimensional geometries, combining the features of an open quantum sys-
tem with con�nement e�ects. The con�nement to one dimension can alter
quantum optics in interesting ways, such as in the total re
ection of a photon
by a single emitter [23, 24], or in long-range interactions without diminish-
ing strength [25], making collective e�ects much stronger than in free space.
The second characteristic is that the photon dispersion can be modi�ed to fea-
ture bandgaps, such as in a photonic crystal waveguide [26]. Because a photon
cannot propagate in a bandgap, it instead forms an evanescent cloud surround-
ing an emitter, leading to an atom-photon bound state [27, 28]. In addition,
the diverging density of states near a band edge can escape the conventional
Markovian descriptions of quantum optics, posing interesting theoretical chal-
lenges [29, 30].

Collective dynamics in waveguide QED have gained interest in the con-
text of quantum information processing, and have been explored with various
types of emitters in the single-photon regime, including transmon qubits [31{
34], atoms near nanophotonic structures [35{37] or nano�bers [38, 39], and
quantum dots [40]. As the control over emitters improves, the e�ect of prop-
agation delay becomes an important question [41, 42]. This leads to the idea
of non-Markovian collective dynamics, whose theoretical studies have only re-
cently become active [43{46] (including a recent work from our group [47]). As
with any quantum system, understanding many-body dynamics of quantum
emitters, especially in extended geometries, is a hard problem [48{52]. This
regime is yet to be observed in a strongly coupled waveguide-QED setup, and
there are only a few early explorations, such as multi-excitation subradiant
states in two distant pairs of transmon qubits [33] or, more recently, a super-
radiant burst in a large ensemble chirally and weakly coupled to a nano�ber
[53].

The matter-wave platform provides several advantages over canonical con-
�gurations of quantum optics in investigating waveguide-QED phenomena,
and we highlight some of them.

ˆ An important �gure of merit in waveguide QED is the coupling e�ciency
� [25] between emitters and a waveguide. While photonic platforms cover
a range of� for various purposes, an ideal scenario requires� = 1. This
is naturally achieved with a one-dimensional optical lattice.

ˆ As we will see, matter-wave emitters are fully and dynamically tunable,
in terms of their vacuum coupling and energy levels [20].
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ˆ The platform is intrinsically scalable, as the optical lattice, playing the
role of an emitter array, can be easily made large and homogeneous.

ˆ The toolbox of ultracold atoms can be used, for example, in preparation
of many-body states and imaging of momentum distributions. It also
enables interesting additional features, such as a band structure for mat-
ter waves [21], or in principle, the implementation of fermionic quantum
optics [54].

In this dissertation, we discuss two recent experiments conducted with
our matter-wave platform [55, 56], each focusing on collective dissipative and
coherent phenomena, respectively. We explore how the characteristics of
photonic-crystal waveguide QED, photons being in one dimension and hav-
ing a gapped nonlinear dispersion, shape the collective e�ects in an array of
quantum emitters. We will �rst cover basic concepts and numerical studies
regarding waveguide QED based on matter waves in Chapter 2, and tech-
nical details related to our apparatus in Chapter 3. We also address some
elementary concepts on interacting Bose gas in Chapter 5.

In Chapter 4, we focus on collective dissipative phenomena, introducing an
experiment on super- and subradiant dynamics of quantum emitters. There
are two main mechanisms by which superradiance can be achieved. The �rst is
by directly preparing a phase-coherent state of emitters, usually in the single-
excitation regime, which are referred to as timed Dicke states (TDSs) [57,
58]. This is also closely related to subradiance in waveguide QED, as phase
mismatches can prohibit the decay into certain modes. The second way of
superradiance is to allow coherence to emerge spontaneously, e.g. through the
decay process of fully excited emitters, resulting in a superradiant burst [59]
in the many-body (many-excitation) regime.

In our experiment, we realize timed Dicke states via macroscopically oc-
cupied coherent states in a super
uid phase, and demonstrate collectively en-
hanced, suppressed, and directional spontaneous emission. We realize super-
and subradiant dynamics in the non-Markovian regimes for the �rst time. In
this regime, we observe the delayed onset of superradiance, and also an inter-
esting interplay between the non-Markovianities originating from the contin-
uum edge and the propagation delay, resulting in a beating of a bound state in
the gap (BIG) and a bound state in the continuum (BIC). To explore many-
body superradiance, we can prepare a fully excited state of the emitter array
in a Mott-insulating phase, even though we do not yet reach the regime of a
burst due to technical considerations. However, with the capability to observe
the quasimomentum distribution of emitter excitations, we directly probe the
early stage of the spontaneous coherence formation in the array, and reveal
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the role of matter-wave emission in imprinting the phase. This is the �rst
time, since the original discussion by Dicke 70 years ago, that such coherence
buildup has been directly observed.

In Chapter 6, we turn to collective coherent phenomena, with dissipation
largely suppressed in a bandgap. We introduce a new type of Bose-Hubbard
model (BHM) that encompasses not only waveguide QED, but also the broad
concept of polaritons [60{63]. The formation of bound states in a bandgap,
whose photonic component is localized near each emitter, enables controllable
long-range interactions, and has motivated many theoretical proposals [26, 64{
70] for quantum many-body physics. Taking a thermodynamic limit, i.e. in
a large array with negligible boundary e�ects, the bound states generalize to
polariton eigenmodes of the system [71]. The dispersion of these quasiparticles
forms a polariton band structure, and the ground band can serve as a new
basis for a polaritonic BHM [68]. Our quasiparticles, which we named matter-
wave polaritons, realize an analogue of exciton-polaritons [72, 73], and provide
a �rst example of such particles in strongly interacting regimes. To probe
the polaritonic character of our system, we use the modulation spectroscopy
[74{76] that reveals the energy gaps in the Mott regime, and examine the
system's transport properties through the momentum-distribution images. We
demonstrate the control of transport via the vacuum coupling and emitter
detuning, which provides an alternative way to drive the celebrated quantum
phase transition [5, 74].

We end the dissertation in Chapter 7 with future perspectives, including
some preliminary simulations on scattering experiments.
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Chapter 2

Waveguide Quantum
Electrodynamics with Matter
Waves

In this chapter, we discuss waveguide quantum electrodynamics (QED) re-
alized with ultracold matter waves. After a brief introduction to waveguide
QED, we will explain how the framework is implemented in our ultracold-
atomic platform. We discuss some descriptions of waveguide QED systems in
the Markovian and non-Markovian limits, and collective e�ects that can be
observed in an array of quantum emitters.

2.1 Survey of experimental platforms

2.1.1 Photonic systems and Purcell factor

The coupling of light with an atom in free space is very ine�cient [25, 26].
The cross section of an atom is given by� 0 = 3� 2=2� with � being the reso-
nant wavelength, while the e�ective beam area is bounded from below by the
di�raction limit Ae� & � 2, restricting the interaction probability � 0=Ae� . This
can be overcome by modifying the radiative environment in a cavity, whose
e�ect was demonstrated by E. Purcell, where the decay rate in a strongly
damped cavity is enhanced by the Purcell factor (3=4� 2)� 3Q=V [77, 78].1 For
an atom placed near a waveguide, a similar enhancement factor can be de�ned

1According to Fermi's Golden rule, the transition rate is proportional to the spec-
tral density of modes per unit volume � , and the Purcell factor can be understood from
� cavity =� free = � cavity =� free , with � free / � 2=c3 in free space and� cavity = Q=�V in a cavity
[79], whereQ = �= � � and � � is the spectral bandwidth.
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[26],

P1D =
� 1D

� 0
(2.1)

where � 1D is the decay rate into the waveguide, and �0 is the decay rate into
other modes in free space. This provides a �gure of merit for the system, and
with a large P1D � 1, one can treat the system as e�ectively one-dimensional.
Furthermore, in this limit, purely coherent dynamics may be realized if the
dissipation into the waveguide is suppressed, such as in a bandgap (Section
2.2.4). From P1D , one can alternatively de�ne the coupling e�ciency [25]

� =
P1D

P1D + 1
=

� 1D

� 1D + � 0
; (2.2)

which has a maximum value of 1. A wide range of� (or P1D) is covered by
di�erent atomic and solid-state platforms.

In the optical range, quantum dots coupled to a photonic crystal waveguide
[80, 81] can reach up toP1D � 5 (� = 0:99 in a cryostat [82]), which however
su�ers from inhomogeneous broadening [25] and are not easy to scale up to
many dots. Alternatively, solid-state defects like silicon vacancies [83] can
reach P1D � 2 to 3. Molecules also have been coupled to a waveguide by
dopping in an organic crystal, with � � 0:18 [84]. Thousands of atoms can
be trapped near an optical-nano�ber waveguide, with� � 0:01 [39, 53, 85],
which can be good for specialized applications like quantum memory [38]. In
the microwave regime, superconducting circuits provide a powerful platform,
where a few transmon qubits can be coupled to a transmission line with� =
0:999 [32{34]. In general, it is hard to achieve both high� and high number
of emitters M in photonic platforms [25].

2.1.2 Matter-wave quantum emitters in an optical lat-
tice

Ultracold atoms in an optical lattice provide an interesting setup for studying
waveguide QED phenomena. Treating the occupation number 0 and 1 of
each lattice well as the two levels of a quantum emitter (also referred to as
an impurity or an e�ective spin), one can realize an array of such quantum
emitters coupled to the vacuum of matter waves.2 Here, the idea is to use a
state-selective lattice, and the trapped and untrapped states, which are Rabi

2With the reservoir being initially empty; when the impurities are embedded in a BEC,
one realizes the spin-boson model with coupling to the sound modes [86].
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coupled, to play the role of an excitation and a photon, respectively. Based
on the initial proposal [17, 87], our lab has established matter-wave quantum
emitters [18, 19] and observed various phenomena that are typically associated
with quantum optics in a photonic crystal, such as non-Markovian decay and
bound states near bandgaps [20, 21].

To obtain a quantum-optical model of matter-wave emitters, we start from
the second-quantized picture of atoms in an optical lattice with internal hyper-
�ne ground statesr and b (\red" and \blue") coupled by a classical microwave
�eld (we do not include collisional interactions here),

Ĥ =
Z

d3r  ̂ y
r (r )

�
ĤA +

p̂2

2m
+ Vr (r )

�
 ̂ r (r ) +

Z
d3r  ̂ y

b(r )
�
ĤA +

p̂2

2m
+ Vb(r )

�
 ̂ b(r )

�
Z

d3r
h
 ̂ r (r ) ̂ y

b(r )� br +  ̂ y
r (r ) ̂ b(r )� rb

i
� B (r ; t) (2.3)

whereĤA is the atomic Hamiltonian for the internal electronic con�gurations
and Vr=b(r ) is the lattice potential experienced by each species. The magnetic
dipole matrix elements� ij are independent of the positionr , i.e. � ij (r ) =
h0j  ̂ i (r )( � � B )L̂ (r ) ̂ y

j (r ) j0i =~ = h0j  ̂ i (0)(� � B )L̂ (0) ̂ y
j (0) j0i =~ whereL̂ (r ) =

(r̂ � r ) � p̂ being the angular momentum operator and� B being the Bohr mag-
neton. The Hamiltonian already assumes the dipole approximation3, but the
phase of the coupling can still depend on the position of an atom itself rela-
tive to the magnetic �eld B (r ; t) = ( B0êei k � �r � i�t + B �

0ê� e� i k � �r + i�t )=2. In our
experiments, our sample size� 10 � m is much smaller than the microwave
wavelength� 1 cm, and the phase will be only relevant if two microwave �elds
with di�erent phases are used.

The operators  ̂ y
r ,  ̂ y

b create the eigenstates of the internal states, but
not the motional eigenstates. Our experiments are typically conducted in
a one-dimensional state-selective lattice,Vr (r ) = V0 sin2(krz) and Vb(r ) =
0 (with the recoil momentum kr = 2�=� = �=d and lattice spacing d =
�= 2), and thus the two species share the same motional eigenstate ? (x; y)
in the transverse directions,x and y (if con�ned in a deep tube, this will be
a harmonic ground state). We assume that the lattice is very deep, and each
well can be approximated as a harmonic oscillator, with atoms occupying only
the ground state. We can then expand the operators as

 ̂ r (r ) =  ? (x; y)
X

j

� j (z)r̂ j ;  ̂ b(r ) =  ? (x; y)
X

k

 k(z)b̂k ; (2.4)

3Expansion near the atomic positionr , ei k � r̂ � ei k �r (1 + ik � (r̂ � r ) + : : : ).
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Figure 2.1: Matter-wave quantum emitter. a, The lattice trapped state r̂ y
j j0i

and the free statêby
k j0i are coupled with strength 
 and detuning � from the

edgek = 0 of the mode continuum. b, The occupation number of the lattice
well, 1 and 0, corresponds to the excited and ground state of the emitter,
respectively, with the energy di�erence~�.

where k(z) = L � 1=2eikz is the free-particle wavefunction,� j (z) = ( �a 2
ho)� 1=4e� (z� zj )2=2a2

ho

is the harmonic oscillator ground state atj th site with zj = dj , and the new
operators follow [^r i ; r̂ y

j ] = � i;j and [̂bi ; b̂y
j ] = � i;j . We are assuming that the sys-

tem is in a box of sizeL. In practice, there is a residual harmonic con�nement
holding atoms against gravity, which can be ignored for our experimental time
scales. The Hamiltonian (Eq. 2.3) can be written as

Ĥ =
X

j

(~! 0;r + ~! ho=2)r̂ y
j r̂ j +

X

k

(~! 0;b + ~! k)b̂y
k b̂k

�
X

j;k

h

 k;j r̂ j b̂

y
k � br + 
 j;k r̂ y

j b̂k � rb

i
� (B0êe� i�t + B �

0ê� ei�t )=2; (2.5)

where ! 0;r < ! 0;b are the internal energies,! ho = ~=ma2
ho is the harmonic

oscillator frequency, and! k = ~k2=2m is the free-particle dispersion. We also
de�ned the wavefunction overlap


 j;k �
Z

dz� �
j (z) k(z)

=

r
2
L

(�a 2
ho)1=4e� k2a2

ho =2eikz j =

r
2
L

�
2�
k2

ho

� 1=4

e� (k=kho )2
eikz j (2.6)

(also referred to as the Franck-Condon overlap), whose position dependence
gives a phase factor,
 k � j 
 j;k jeikz j . We have de�nedkho �

p
2m! ho=~, and
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also de�ne
 k;j � 
 �
j;k for later convenience. To get rid of the time dependence,

we can change to the rotating-wave frame with the unitary transformation
Û = exp[i (! 0;b � � )t

P
j r̂ y

j r̂ j + i! 0;bt
P

k b̂y
k b̂k ]. Also applying the rotating-wave

approximation (dropping the counter-rotating terms), we obtain the time-
independent Hamiltonian4

Ĥ RWA =
X

j

~�^r y
j r̂ j +

X

k

~! k b̂y
k b̂k +

~
2

X

j;k

h

 
 k;j r̂ j b̂

y
k + 
 � 
 j;k r̂ y

j b̂k

i
; (2.7)

where 
 = � br � B0ê=~ is the standard Rabi frequency between the internal
levels (the minus sign was absorbed, e.g. with an additional transformation).
For the detuning of the microwave, we include the shift of the resonance due
to the lattice con�nement as � = � � [! 0;b � (! 0;r + ! ho=2)]. The most compact
form of the Hamiltonian may be obtained in the interaction picture,

Ĥ I =
~

2

X

j;k


 ke� i (� � ! k )� ikz j r̂ j b̂
y
k + H.c. ; (2.8)

where we also made the position dependence of a phase factor explicit. We
will also use the notation � k � ! k � � later on [18, 87].

In a deep lattice, we may assume the collisional blockade regime ^r y
j r̂

y
j j0i =

0, and the operators can be mapped to the occupational spin operators as ^r y
j =

�̂ +
j = j1i h0j and r̂ j = �̂ �

j = j0i h1j. We then recognize that the Hamiltonian
(Eq. 2.7 or 2.8) is the standard Hamiltonian of the atom-photon interactions
[18, 19, 87], with bosonic atomŝby

k j0i replacing photons, and the lattice wells
playing the role of quantum emitters. On the other hand, in a shallow lattice, if
the collisional interactions betweenr atoms are negligible, the system realizes
an array of harmonic oscillators [17, 88].

In our experiments, the lattice spacingd � �= 2 de�nes the typical length
scale, and we use the recoil wavevector (momentum)kr � �=d = 2�=� , recoil
frequency! r = ~k2

r =2m, and recoil energyEr = ~! r to express the magitudes
of various parameters. The lattice depth is written asV0 = Ers, and the
harmonic frequency of each well is! ho = (2 =~)

p
V0Er = 2! r

p
s.

As depicted in Fig. 2.1, the parameters 

 k=2 and � de�ne the vacuum
coupling

gj;k � 
 � 
 j;k =2 (2.9)

4ĤU = ÛĤ Û � 1 � i~Û@t Û � 1. Also used the identity b̂i e
�

P
j b̂y

j b̂j = e�
P

j ( b̂y
j b̂j + � ij ) b̂i and

b̂y
i e�

P
j b̂y

j b̂j = e� (
P

j b̂y
j b̂j � � ij ) b̂y

i .
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and the excitation energy~� of these matter-wave quantum emitters, which
are fully tunable (up to the k dependence). The dispersion! k can be tuned
with the additional lattice potential that the b atoms are subject to, and for
the free caseVb(z) = 0, it is quadratic ! k = ~k2=2m, with a bandgap below
k = 0. Importantly, there is no decay into free space (�0 = 0) other than those
into the one-dimensional modes (�1D), and thus the Purcell factor diverges,
P1D = 1 (� = 1), allowing us to realize ideal scenarios of waveguide QED.

2.2 E�ective descriptions

2.2.1 Weisskopf-Wigner model

In the semi-classical treatment of atom-light interactions (cf. Eq. 3.4), the
interactions vanish in the limit of zero electromagnetic �elds, contrary to the
observation that an atom can interact with the vacuum and emit a photon, the
process known as the spontaneous emission. Only in the quantized form, the
electromagnetic �eld has non-zero vacuum 
uctuationh0j E 2 j0i 6= 0 [89, 90],
and can induce the irreversible, exponential decay. It was �rst described by
the Weisskopf-Wigner model of spontaneous emission [91, 92] that invokes the
Markov approximation to compute the decay rate (and the Lamb shift), which
is also obtained from Fermi's Golden Rule.

In this section, we introduce an array version of the Weisskopf-Wigner
model in one dimension (see also [18, 19, 93]; for 3D, [17, 87]), and discuss the
validity of the Markov approximation. We start with a general Hamiltonian
of quantum emitters coupled to bosonic excitations (photons),

Ĥ =
X

j

~�^� +
j �̂ �

j +
X

k

~! k b̂y
k b̂k +

X

j;k

~gj;k �̂ +
j b̂k + H.c. (2.10)

For concreteness, we discretize the photon momenta�k = 2�=L in a box of
L, which can be taken to in�nity later. We focus on the single-excitation
manifold,

j (t)i =
X

j

A j (t) jej i e� i � t +
X

k

Bk(t) j1k i e� i! k t ; (2.11)

whereA j andBk are the interaction-picture amplitudes, andjej i � �̂ +
j j0i ; j1k i �

b̂y
k j0i . The equations of motion for the amplitudes are

i _A j (t) =
X

k

Bk(t)gj;k e� i � k t ; i _Bk(t) =
X

j

A j (t)gk;j ei � k t (2.12)
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where � k � ! k � �. The photon amplitudes Bk can be eliminated by inte-
grating the second and inserting into the �rst, which gives the equation for
the excitation amplitudesA j :

_A j (t) = �
X

j 0

Z t

0
dt0

X

k

gj;k gk;j 0e� i � k (t � t0)A j 0(t0); (2.13)

wheregk;j = g�
j;k .

The Markovian approximation in this context amounts to simply taking
A j 0(t0) out of the integral, and sending the integral limit t to 1 . This means
that we are focusing on the emitters, and are integrating out the photonic
degrees of freedom (bath), reducing them to c-numbers. To understand when
such an approximation is valid, we identify the integrand as the bath correla-
tion function [89, 94, 95],

Gj;j 0(t � t0) = h0j B̂ j (t)B̂
y
j 0(t0) j0i =

X

k

gj;k gk;j 0e� i! k (t � t0) ; (2.14)

where the operator of the bath is de�ned aŝB j =
P

k gj;k b̂k and in the inter-
action picture asB̂ j (t) = eiH B t=~B̂ j e� iH B t=~ with HB =

P
k ~! k b̂y

k b̂k . In terms
of these,

_A j (t) = �
X

j 0

Z t

0
dt0Gj;j 0(t � t0)ei �( t � t0)A j 0(t0): (2.15)

The integral depends on all past values ofA j (t), which we would like to take
out of the integral. We use the idea of coarse-graining [89, 94], with the time
interval � much smaller than the typical time scale� A of the change ofA j (t),

_A j (t) = �
X

j 0

�
A j 0(t)

Z t

t � �
dt0+ A j 0(t � � )

Z t � �

t � 2�
dt0+ : : :

�
Gj;j 0(t � t0)ei �( t � t0) :

(2.16)
We focus on the �rst integral and make the change of variable~t = t � t0,

Z t

t � �
dt0Gj;j 0(t � t0)ei �( t � t0) =

Z �

0
d~tG j;j 0(~t)ei � ~t : (2.17)

The correlation function Gj;j 0(t) can be further speci�ed by taking the contin-
uum limit (1 =�k )

P
k �k ! (L=2� )

R
dk and changing the variable fromk to
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! ,
Z �

0
d~tG j;j 0(~t)ei � ~t =

Z �

0
d~t

X

k

jg0;k j2eik (zj � zj 0)e� i! k ~tei � ~t

=
Z 1

0
d! D(! )jg! j2

1
2

X

k(! )= k� (! )

eik (! )( zj � zj 0)
Z �

0
d~te� i (! � �) ~t ;

(2.18)

whereD(! ) = ( L=� )dk=d! is the density of states, including the degeneracy
factor of 2 for the left- and right-moving momenta, and the summation is
over the two momentak� (! ) = � k(! ) (the positive and negative solutions of
! = ! k).5 We have assumed symmetric couplinggj;k = gj; � k and the phase
dependencegj;k = g0;keikz j with zj being the position of thej th emitter, and
de�ned g! = g0;k(! ) .

Focusing on the case �> 0, the time integral

I (! ) =
Z �

0
d~te� i (! � �) ~t ; (2.19)

as a function of! , is peaked at! = � and falls o� quickly outside its width
� 2�=� due to the fast oscillation of the integrand. The area� of I (! ) does
not depend on� , and I (! ) reduces to a delta function if the upper limit of
the integral is sent to 1 . This would be allowed if the rest of the integrand
in (2.18), which depends on the density of statesD(! ) and coupling jg! j2 in
particular, does not change appreciably over some range! 2 (� � 2�=� c; � +
2�=� c) with � c � � . The time scale� c is interpreted as the correlation time,
beyond which the contribution ofGj;j 0(~t) to the integral is negligible. We want
� c to be smaller than the coarse-grained interval� , which is also restricted
from above by � A , the time scale ofA j (t). Hence, there are two time scales
restricting � [94],

� c � � � � A ; (2.20)

for the time integral to be fully eliminated and the dynamics to become fully
Markovian. When such � exists (the condition will be discussed further in
Section 2.2.3), i.e. � c � � A , we can proceed to solve the integral by taking
� ! 1 ,

I 1 (! ) =
Z 1

0
d~te� i (! � �) ~t = �� (! � �) � P

�
i

! � �

�
: (2.21)

5Here we de�ne k(! ) > 0.
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This also means that the subsequent terms in the coarse-grained integral in
(2.16) are negligible, as they involve integrations further out in time~t > � . By
combining (2.21) and (2.18) and inserting into (2.16), we arrive at the e�ective
equations of motion for the emitters in the Markovian limit,

_A j (t) = �
X

j 0

� Z 1

0
d~tG j;j 0(~t)ei � ~t

�
A j 0(t) = �

X

j 0

[� j;j 0=2 + iJ j;j 0] A j 0(t);

(2.22)

with the dissipative and coherent terms, �j;j 0 and Jj;j 0, resulting from the
delta function and the Cauchy principal value in (2.21). The dissipative part
is responsible for the collective Markovian decay, while the imaginary partJj;j 0

induces the Lamb shift and coherent exchange of the excitation.
For � < 0, i.e. the excitation energy inside the bandgap, the approximation

is applicable provided that j� j is large. The density of statesD(! ) in 1D
diverges at the edge � = 0 in Eq. 2.18, and thus the time integral I (! )
(Eq. 2.19) is mostly relevant near! = 0. Furthermore, the integral I (! )
does not change appreciably for� & 2�= j� j, beyond which the exponential
rapidly oscillates. Therefore, assuming� A � 2�= j� j, we can again evaluate
the integral by taking � ! 1 (Eq. 2.21). For � < 0, the real part � (! � �)
vanishes, leading to no decay in the bandgap in the Markovian limit. However,
the imaginary part is �nite, leading to purely coherent interactions between
the emitters.

Calculations of � j;j 0 and Jj;j 0

Some quantitative results can be obtained for matter-wave quantum emitters,
whose vacuum couplinggj;k = 
 
 j;k =2 (with 
 j;k given in Eq. 2.6) depends on
momentum k, due to the �nite size aho of the excitation in each emitter well.
The density of states isD(! ) = ( L=� )

p
m=2~! for the free-particle dispersion.

The dissipative term can be computed as

� j;j 0 � 2 Re
Z 1

0
d~tG j;j 0(~t)ei � ~t

= 2 Re
Z 1

0
d! D(! )jg! j2

1
2

X

k(! )= k� (! )

eik (! )( zj � zj 0)

�
�� (! � �) � P

i
! � �

�

= 2 � D(�) jg� j2 cos[k(�)( zj � zj 0)]�(�)

= � 1 cos[k(�)( zj � zj 0)]�(�) (2.23)
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where �(�) is a unit step function. The single-emitter decay rate (cf. Section
2.3.2) is given by

� 1 = 2� D(�) jg� j2 =

 2

�

p
�

2
ahok(�) e� k(�) 2a2

ho

=

 2

p
�

r
�

2! ho
e� 2� =! ho ; (2.24)

which depends on the microwave Rabi frequency 
, and also moderately on
the detuning � in a deep lattice ! ho � �.

To solve the coherent coupling, we make use of the tight-binding approxi-
mation [18, 19, 93]. We �rst write it as

Jj;j 0 � Im
Z 1

0
d~tG j;j 0(~t)ei � ~t

= Im
X

k

jgk j2eik (zj � zj 0)
Z 1

0
d~te� i (! k � �) ~t

=

 2aho

4
p

�

Z 1

�1
dke� k2a2

ho eik �z

�
�P

1
! k � j � j

�
; (2.25)

where the sign� is for � > 0 and � < 0, respectively, and �z � zj � zj 0. In a
very deep lattice, we may assume thataho is very small and the wavefunction
in a well is almost point-like, such thate� k2a2

ho � 1 in the integral. For � > 0,
the quantity in the bracket is sharply peaked atk = k(j� j). For � < 0, the
quantity peaks atk = 0 and decreases su�ciently atk on the order of� k(j� j).
Therefore, the approximation amounts to the conditionk(j� j)2a2

ho � 1, which
is typically satis�ed in our experiments except for large �. (The approximation
can also be understood in the forma2

ho=� (j� j)2 � 1, i.e. the size of emitters
is not resolved by the resonant matter waves.) In this limit, we get

Jj;j 0 � �

 2aho

4
p

�
k(j� j)

j� j
P

Z 1

�1
d~kei ~kk (j� j)�z 1

~k2 � 1
; (2.26)

with the change of variable~k = k=k(j� j). The integral can be exactly solved,6

6Using the standard results (either using the residue theorem or computer algebra),R1
�1 dx eiax

x 2 � 1 = � sin jaj or �e �j aj for each sign, except fora = 0.
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and we obtain [18]7

Jj;j 0 � �

 2

j� j

p
�

4
ahok(j� j) �

(
sin [k(�) jzj � zj 0j] for � > 0

exp [� k(j� j)jzj � zj 0j] for � < 0:
(2.27)

The result for � < 0 gives rise to the e�ective spin-exchange interactions
with tunable range [26, 64, 66, 96]. This is related to the atom-photon bound
state [27], a partial excitation surrounded by a virtual photon (matter-wave)
cloud mediating the interactions, which we discuss further in Section 2.2.4.
The exponential dependence is not limited to the free-particle dispersion, as
any photonic dispersion near a bandgap atk = k0 may be approximated as
quadratic ! (k) � ! (k0)+(1 =2)(k � k0)2(d2!=dk 2)jk0 . It can be also understood
by noting that for � < 0, the dispersion! k = ~k2=2m yields an imaginary mo-
mentum, k =

p
� 2mj� j=~ = ik (�), such that the free-particle wavefunction

becomes an evanescent wavefunction/ e� z=� (j� j) with the localization length
� (j� j) = 1 =k(j� j).

We note that the self-energyJj;j = J0;0 vanishes for the tight-binding
approximation for � > 0. The exact integral instead can be written as

J0;0 = �

 2aho

4
p

�
k(�)

�
P

Z 1

�1
d~ke� ~k2k(�) 2a2

ho
1

~k2 � 1
;

= �

 2aho

4
p

�
k(�)

�
�

(
� 2

p
�F (k(�) aho) for � > 0

e� k(�) 2a2
ho � Erfc(k(�) aho) for � < 0:

(2.28)

where F (x) is called the Dawson function [97],8 which can be expanded as
F (x) = ex2 Rx

0 et2
dt = x � 2x3=3 + O(x5), and Erfc(x) is the complementary

error function, which is expanded to 1� 2x=
p

� + O(x3). The leading order
term provides the Lamb shift (
 2=2�) a2

hok(�) 2 = 
 2=! ho (subleading order
for � < 0) [18, 20].

7In (6.34) of [93], the same equation for � < 0 is expressed usingaho =
p

~=m! ho as

J j;j 0 = � 
 2

2! ho

q
�! ho
2j � j e�

p
2j � j=! ho j zj � zj 0j=aho .

8The integral of the form H (y) � � � 1P
R1

�1 e� x 2
=(y � x) is called the Hilbert transfor-

mation, and H (y) = 2 � � 1=2F (y) [98].
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2.2.2 Master equation for many-body dynamics

The Markovian equations of motion (2.22) for a single excitation suggest an
e�ective Hamiltonian for the emitter degrees of freedom [25, 26],

He� =
X

j

~�^� +
j �̂ �

j +
X

j;j 0

(� i~� j;j 0=2 + ~Jj;j 0)�̂ +
j �̂ �

j 0: (2.29)

This Hamiltonian, which is also referred to as the \spin model" [26], is non-
Hermitian due to the dissipative term.9 It can also be expressed as the master
equation [94, 95] for the reduced density matrix, given in the Lindblad form
[99],

_� A (t) =
1
i~

[H0 + HJ ; � A ] +
X

j;j 0

� j;j 0

2

h
2�̂ �

j � A �̂ +
j 0 � f �̂ +

j �̂ �
j 0; � A g

i
; (2.30)

where H0 =
P

j ~� � y
j � j and HJ =

P
jj 0 ~Jjj 0� y

j � j . The second term can
be partially absorbed into the �rst term, _� A (t) = ( He� � A � � A H y

e� )=i~ +P
jj 0 � jj 0� j � A � y

j 0, where He� is identical to Eq. 2.29. The leftover term en-
sures the conservation of the overall population.

The master equation is the standard technique to study open quantum
systems [89, 94, 95]). We outline a derivation for quantum emitters, closely
following [94]. The Hamiltonian can be written asH = H0 + V, where

H0 =
X

j

~�^r y
j r̂ j +

X

k

~! k b̂y
k b̂k ; V =

X

j;k

(~gj;k r̂ y
j b̂k + H.c) : (2.31)

For generality, we used the bosonic impurity operators ^r y
j ; r̂ j , which behave as

spin operators in the collisional blockade regime. The reduced density matrix
~� A = Tr B ~� (t) is obtained by tracing over the bath degrees of freedom, where
the tilde indicates the interaction picture ~� = eiH 0 t=~�e � iH 0 t=~. The equation
of motion under the Born-Markov approximation is given by [94]

� ~� A

�t
= �

1
~2�t

Z 1

0
d�

Z t+ �t

t
dt0Tr B [ ~V(t0); [ ~V(t0 � � ); ~� A (t) 
 � B ]]; (2.32)

where �t is some coarse-grained interval. The bath is assumed to be initially
empty and remain unperturbed, i.e. ~� B (t) � � B (0) = j0i h0j (Born approxi-

9Note sinceGj;j 0(t) � = Gj 0;j (� t), � �
j;j 0 = � j 0;j and J �

j;j 0 = J j 0;j .
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mation). The coupling ~V(t) =
P

j;k ~gj;k ~r y
j (t)~bk(t) can be inserted to yield

� ~� A

�t
= �

1
�t

Z 1

0
d�

Z t+ �t

t
dt0

X

j;j 0

Tr B
�
~r y

j (t
0)~r j 0(t0 � � )~� A (t)Gj;j 0(� ) (2.33)

� ~r j (t0)~� A (t)~r y
j 0(t0 � � )Gj 0;j (� � ) � ~r j 0(t0 � � )~� A (t)~r y

j (t
0)Gj;j 0(� )

+ ~� A (t)~r y
j 0(t0 � � )~r j (t0)Gj 0;j (� � )

�
;

where the bath correlation function Gj;j 0(t � t0) = Tr B [� B B̂ j (t)B̂
y
j (t0)] has

already been de�ned in Eq. 2.14. Noting that ~r j (t) = r̂ j e� i � t and Gj;j 0(t � t0) =
G�

j 0;j (t
0 � t), this equation can be simpli�ed to

� ~� A

�t
= �

X

j;j 0

n
Gjj 0[r̂ y

j r̂ j 0~� A (t) � r̂ j 0~� A (t)r̂ y
j ] + G

�
jj 0[~� A (t)r̂ y

j 0r̂ j � r̂ j ~� A (t)r̂ y
j 0]

o

(2.34)

whereGj;j 0 �
R1

0 d�G j;j 0(� )ei � � . The right-hand side is no longer dependent
on �t , and thus we replace� ~� A =�t by _~� A . As in Eq. 2.22, we may de�ne
Gj;j 0 � � j;j 0=2 + iJ j;j 0 with � j;j 0=2 and Jj;j 0 as the real and imaginary part.
Using Gj;j 0 = Gj 0;j (valid if ! � k = ! k), the equation simpli�es further as

_~� A (t) = � i
X

j;j 0

Jj;j 0(r̂ y
j r̂ j 0~� A (t) � ~� A (t)r̂ y

j r̂ j 0)

+
X

j;j 0

� j;j 0

2
(2r̂ j ~� A (t)r̂ y

j 0 � r̂ y
j r̂ j 0~� A (t) � ~� A (t)r̂ y

j r̂ j 0): (2.35)

Going back to the Schr•odinger picture, we arrive at the master equation

_� A =
1
i~

[H0 + HJ ; � A ] +
X

j;j 0

� j;j 0

2

h
2r̂ j � A r̂ y

j 0 � f r̂ y
j r̂ j 0; � A g

i
; (2.36)

where HJ =
P

j;j 0 ~Jj;j 0r̂ y
j r̂ j 0 is the Lamb-shift term. The dissipative cou-

pling (Eq. 2.23) has contributions from left-moving and right-moving photons,
� j;j 0 = (� 1=2)

P
k= � k(�) eik (zj � zj 0) with � k(�) � � k(�), and it may be useful

to de�ne the collective jump operators [48, 52, 100] for each direction,

Ôk =
X

j

e� ikz j r̂ j ; (2.37)
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Figure 2.2: Left: Density of stateD(! ) (black solid) and couplingg! (orange)
for our system featuring a quadratic dispersion. Right: The real and imaginary
parts (red and blue) of the time integralI (! ) =

R�
0 d~te� i (! � �) ~t (Eq. 2.18) for

� = 1=� 1. All values were computed for 
 = 0:3! r (solid) and 
 = 1 :5! r

(dashed), with other parameters at � = ! r, and s = 8.

in terms of which the master equation is written as

_� A =
1
i~

[H0 + HJ ; � A ] +
� 1

4

X

k= � k(�)

h
Ôk � A Ôy

k � f Ôy
kÔk ; � A g

i
: (2.38)

These jump operators can be thought of as collective dipole operators, and the
collective decay can be represented as its action on a state (cf. Section 2.3.2).

2.2.3 Conditions for Markovian behavior

In this section, we outline order-of-magnitude estimations for parameter regimes
in which the Markovian approximation is applicable. We �rst ignore the col-
lective enhancement e�ects, which we discuss in Section 2.3.

Coupling strength

As discussed in the context of Weisskopf-Wigner theory, the coarse-grained
integral (2.16) is valid if A j (t) changes slowly for the interval,� � � A . For
the continuum case � > 0, we may estimate� � 1

A � � 1=2 = � D(�) jg� j2. We
also want the time scale bounded below by� c � � . The bath correlation time
� c has been translated to the frequency interval! 2 (� � �! c; � + �! c) for
which the integrand of Eq. 2.18 does not change appreciably, where we identify
� c = 2�=�! c. Sinceg� is mostly 
at, ignoring the phase factor eik (zj � zj 0) for
the moment, we estimate�! c from

�! cD0(�) . 2� D(�) ; (2.39)
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where D0(�) = dD(! )=d! j ! =� . The condition � c � � A (Eq. 2.20) is then
written as

2� D0(�) � � � 1jg� j � 2: (2.40)

We show the typical parameter dependencies in Fig. 2.2 for matter-wave
emitters coupled to a bath with a quadratic dispersion. UsingD0(! ) =
(L=� )

p
m=2~! � 3=2 and jg! j2 � (

p
�=L )(
 2=2)aho (in the tight-binding limit

e� k2a2
ho � 1), the Markovian regime is obtained as


 2

� 2
�

1
2

�
2
�

� 3=2 r
! ho

�
� 1: (2.41)

This result implies that strong non-Markovian behaviors are expected when
the decay timescale, which depends on 1=
, exceeds the optical period, as
de�ned by 2�= �. In our experiments, we generally have � < ! ho, and thus
use 
 � � as a general condition to remain in the Markovian regime [20, 21].

In the bandgap � < 0, the relevant time scale is� & 2�= j� j, beyond which
I (! ) =

R�
0 d~te� i (! � �) ~t (Eq. 2.19) does not change much, such that we can take

� ! 1 . For the Markovian calculation to be valid, we want 2�= j� j � � A .
As a simple estimate, we take� A � 1=jJ0;0j and use Eq. 2.73 from the tight-
binding limit, J0;0 � (
 2=

p
� ! ho)

p
�= 8. We then obtain the same estimate

for the Markovian regime,


 2

j� j2
�

1
2

�
2
�

� 3=2 r
! ho

j� j
� 1: (2.42)

Distance between emitters

There is another important consideration regarding the radiative retardation.
When the distance between the emitters is large, the phase delayeik (! )( zj � zj 0)

of Gj;j 0(t) can become signi�cant. We may expandk(! ) as k(! ) � k(�) +
(! � �) dk=d! j � , and we can write the total phase factor ofGj;j 0(t)ei � t (Eq.
2.18) as

eik �ze� i (! � �) t = eik (�)� ze� i (! � �)( t � �z=vg (�)) ; (2.43)

where �z � zj � zj 0 and vg(�) = d!=dk jk= k(�) . This shows that the contribution
of the bath correlation function is e�ectively delayed by �z=vg. The typical
frequency width of the variation of the phase delay may be obtained from
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�! cj(deik (! )�z=d! )e� ik (! )�zj . 1, which near � = 0 yields

�! c . vg(�) =j �zj: (2.44)

Comparing �! c to � A � 2=� 1, we �nd the condition for the Markovian limit

jzj � zj 0j
vg(�)

�
1

� � 1
: (2.45)

This means that we want the propagation time of the wave packets to be
smaller than the decay time. The quantityvg=� 1 is also referred to as the
coherence length of photons [44], and in this language we want the size of an
emitter ensemble to be smaller than the coherence length, and otherwise we
have to consider the memory e�ect caused by the time delay.

2.2.4 Bound state in a bandgap (\atom-photon" bound
state)

We have already seen that, in the bandgap �< 0, the dissipative term in
Eq. 2.22 vanishes, but there still is a coherent coupling between the emitters,
with its strength exponentially decreasing over distance. This is related to the
existence of the bound state in the bandgap (also termed the atom-photon
bound state) [27, 28] with an evanescent photonic cloud. To see this, we focus
on the single emitter Hamiltonian,

Ĥ1 = ~�^� + �̂ � +
X

k

~! k b̂y
k b̂k +

X

k

h
~gk �̂ + b̂k + H.c.

i
: (2.46)

The single-excitation state can be a superposition of an emitter excitation and
matter-wave excitations,

j BSi = A(t) jei +
X

k

Bk(t) j1k i : (2.47)

The stationary Schr•odinger equationH1 j BSi = ~! bs j BSi yields

(! bs � �) A =
X

k

gkBk ; (! bs � ! k)Bk = g�
kA: (2.48)
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Figure 2.3: Spatial amplitudes of the bound state from the numerical solution,
with 
 = 0 :4! r, � = � 0:25! r, and s = 10 (! ho � 6:3! r, aho � 0:18d). The
dashed line is from the tight-binding approximation. The matter-wave part is
scaled by a factor of� 2.

Solving for Bk , we obtain the equation for the bound-state energy! bs,

! bs = � +
X

k

jgk j2
1

! bs � ! k
; (2.49)

where! B < 0 is assumed.
The exact solution can be obtained analytically [18, 19] or numerically

(Section 2.2.5), but the integral also becomes simpler by assuming coupling
gk being independent ofk, gk � g, e.g. by taking the tight-binding limit for
matter-wave emitters (e� k2a2

ho =2 � 1 in Eq. 2.9; cf. Eq. 2.26). For a quadratic
dispersion,! B is given as a solution to an algebraic equation [18, 64]

(j! bsj + �) = � 3=2j! bsj � 1=2 (2.50)

where� = ( g2(L=2)
p

2m~)2=3. In our experiments with matter-wave emitters,
� = [(
 2=

p
! ho)

p
�= 8]2=3 is typically small (� . 1=3), and deep in the gap

� 2 � 
 2 (� < 0), the energy is simply! bs � � to the leading order, i.e.
that of the emitter. The next-leading-order correction leads to! bs � �[1 +
(�= �) 3=2], from which we can see that the coupling lowers the energy of the
bound state. We may recognize the similarity of this to the dressed-state
energy of an emitter and a photon o�-resonant by �, consistent with the
diverging density of states neark = 0. Deep in the continuum � 2 � 
 2

(� > 0), the bound-state energy converges to! bs . 0.
The second of Eq. 2.48 provides the spatial distribution of the photonic

22



part as

h0j  ̂ b(z) j BSi = g
X

k

A
! bs � ! k

h0j  ̂ b(z) jki

= A
g
p

L
2�

Z 1

�1
dk

eikz

! bs � ! k
= � A

g
p

L
2�

Z 1

�1
dk

eikz =j! bsj
1 + k2=k2

bs

= � A
g
p

L
2

kbs

j! bsj
e� kbs jzj = � A




2
p

j! bsj! ho

�
�

a2
ho

� 1=4

e� kbs jzj

(2.51)

wherekbs =
p

2mj! bsj=~ =
p

2j! bsj=! ho=aho. We show the distribution in Fig.
2.3 obtained from the numerical and tight-binding solutions. The (radiative)
matter-wave part is exponentially localized, and the discontinuous derivative
at z = 0 re
ects that by taking gk to be constant, we are assuming that the
emitter is point-like (tight-binding approximation). Bound states in a pho-
tonic crystal have been theoretically studied earlier [27, 28], and have been
experimentally probed relatively recently with atoms near an alligator pho-
tonic crystal waveguide [101] and with a superconducting circuit [102] (also
with a classical dipole [103]). The radiative part (Eq. 2.51) in momentum
space has so far only been measured with matter-wave emitters [20, 21].

The excited-state fraction jAj2 can be obtained from the normalization
jAj2 +

P
k jBk j2 = 1, yielding

jAj2 =
�
1 +

Ljgj2kB

4j! bsj2

� � 1

=

"

1 +
1
4

r
�
2

�



! bs

� 3=2 �



! ho

� 1=2
#� 1

: (2.52)

For � 2 � 
 2 (� < 0), the amplitude is mostly in the excited state, providing
further support for treating quantum emitters in a bandgap e�ectively as a col-
lection of spins with coherent coupling (Eq. 2.29). The bound-state induced,
tunable long-range interactions can be used to realize interesting many-body
models [64, 66, 68, 96], and we will discuss how this can change the transport
properties of a Bose-Hubbard model in Chapter 6.

2.2.5 Exact numerical simulations

In the single-excitation regime, we can simulate the Hamiltonian of matter-
wave emitters numerically with good accuracy. The system is de�ned by a
box of length L, which discretizes the free-particle states asL � 1=2eik l z with
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the momentum modeskl = �kl for �k = 2�=L and integer l .10 This makes
the boundary periodic, but we make the box large such that the boundary
condition is irrelevant. We obtain the matrix elements of the time-independent
Hamiltonian (Eq. 2.7) in the basis that consists of the emitter excitations ^r y

j j0i
and the photon excitationsb̂y

k l
j0i , with the free part

h0j r̂ j Ĥ r̂ y
j 0 j0i = ~� j � j;j 0; h0j b̂k l Ĥ b̂y

k l 0
j0i = ~! k l � l;l 0 (2.53)

and the coupling part

h0j r̂ j Ĥ b̂y
k l

j0i = ( ~
 =2)
 j;k l ; H.c.; (2.54)

where we labeled the emitter energy~� j for the possible inclusion of local
shifts or disorder. As an example, we display thêH matrix for a system of
three emitters labeled byj = � 1; 0; 1,

Ĥ =
~
2

0

B
B
B
B
B
B
B
B
B
B
B
@

2� � 1 : : : 
 
 � 1;k � 1 
 
 � 1;k0 
 
 � 1;k1 : : :
2� 0 : : : 
 
 0;k � 1 
 
 0;k0 
 
 0;k1 : : :

2� 1 : : : 
 
 1;k � 1 
 
 1;k0 
 
 1;k1 : : :
...

...
...

. . . . . .

 
 �

� 1;k � 1

 
 �

0;k � 1

 
 �

1;k � 1
2! k� 1


 
 �
� 1;k0


 
 �
0;k0


 
 �
1;k0

2! k0


 
 �
� 1;k1


 
 �
0;k1


 
 �
1;k1

2! k1

...
...

...
. . .

1

C
C
C
C
C
C
C
C
C
C
C
A

:

(2.55)

(
 is assumed real.) To obtain the time evolution of states or stationary solu-
tions, we apply the matrix to a state vector whose elements are the amplitudes
of a single-excitation statej	( t)i =

P
j A j (t)r̂

y
j j0i +

P
l Bk l (t)b̂

y
k l

j0i .
The matrix is made �nite by some cuto� jkl j � k� that is su�ciently high,

i.e. (k� =kr)2 � 
 =! r; � =! r, at the same time maintaining the system size
larger than the propagation distance, e.g.

L � vg(�) =� (2.56)

for some typical decay rate �, wherevg(�) = d!=dk j � is the group velocity of
emitted waves. For the discrete radiative modes to behave like a continuum,

10Alternatively, one can use the discrete levels of the residual harmonic con�nement [20].
The trap frequency is � 100 Hz, and our experiments are typically done in much shorter
time scales. The box approach has an advantage as the wavefunction overlap
 j;k l has a
simple analytic form.
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Figure 2.4: Exact diagonalization of the single-emitter Hamiltonian. The en-
ergy spectrum is shown as a function of emitter energy � for 
 = 0:5! r

and s = 10, with the system sizeL = 25d and the momentum cuto� at
jkl=50 j = (2 �=L )50 = 4kr. a, For 1 emitter. b, For 3 emitters.

we can also require that the energy uncertainty associated with the typical
time 1=� is much larger than the energy spacing of the quasi-continuum, i.e.
~� � �k (d~!=dk )� , which yields the same condition up to a constant.

We show the eigenvalue spectrum for 1 and 3 emitters in Fig. 2.4 obtained
by diagonalizing the discrete Hamiltonian, as a function of emitter energy �.
For large negative �, the continuum and the emitters are essentially indepen-
dent. Near the continuum edge � = 0, the emitters start to mix with the
continuum. For 3 emitters, there are 3 eigenstates whose degeneracy is lifted
near the edge, which we will discuss later.

2.3 Collective radiative phenomena

In this section, we discuss collective e�ects on spontaneous emission processes
and bound states in waveguide QED, with special emphasis on matter-wave
emitters.

2.3.1 Introductory remarks

Dicke �rst termed \superradiance" in [59], a phenomenon that refers to a burst
of radiation emitted from a collection of emitters, which is compressed in time
compared to a simple sum of individual emissions. The light is most intense in
the middle of the Dicke ladder, and the intensity scales as/ (M=2)(M=2 + 1),
whereM is the number of emitters. The burst is associated with many-body
e�ects, i.e. of many excitations. We can also consider a single excitation, for
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example, the state at the last rung of the Dicke ladder (above the ground state),
and while the intensity scales as/ M in this case, the intensity per excitation
is in fact the strongest. This e�ect was pointed out as the greatest radiation
intensity anomaly by Dicke himself [58, 104], and is often referred to as \single-
photon superradiance", to distinguish it from many-body superradiance. In
free space, superradiance of a fully excited state is only reached for closely
spaced emitters [48, 59, 100]11, and special considerations are required for
extended samples [105].

The distances become less of restriction in waveguide QED, where all emit-
ters commonly interact via the guided modes in one dimension, with in�nite-
range coupling in the dissipative regime (cf. Eqs. 2.23 and 2.73). However,
the positioning of emitters relative to the wavelength becomes rather impor-
tant, and various new phenomena are expected in spatially extended systems
[25, 26].

There are also subradiant states in the Dicke ladder, whose emission rate
can be suppressed. The e�ect is called subradiance, and is generally weak
in free space due to the large number of available modes [106, 107]. Again,
waveguide QED allows strong subradiance, as the decay channels are restricted
to one dimension in an ideal realization (� = 1). The subradiant states are
related to polaritonic states [25] and also the bound states in the continuum
(BIC) [108, 109], which we discuss further below.

Our platform of an array of matter-wave emitters can be an ideal testbed
to study collective e�ects in waveguide QED, as the wavelength of the radi-
ation is fully tunable, the emitters are homogeneous, and the system is fully
one-dimensional. With ultracold atoms loaded into an optical lattice, we can
achieve either a fully excited state in a Mott-insulating phase, or a macroscop-
ically occupied single-excitation state in a super
uid phase. These many-body
phases are discussed more in Chapter 5. We assume that these states are al-
ready prepared, and explore collective e�ects realized in these two regimes (cf.
[17, 87] in higher dimensions). We note that collective e�ect can also generally
refer to dynamics of multiple emitters, but not necessarily collective enhance-
ment or suppression of decay rates, which might be speci�cally referred to as
cooperative e�ects.

11The emitters should not be too close due to the energy shifts induced by dipole-dipole
interactions [100].
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2.3.2 Single-photon superradiance

Two emitters

We start with a simpli�ed discussion, considering a system of two emitters
containing a single excitation. The state of the system can be generally written
as

j � i =
1

p
2

(je0i + ei� je1i ): (2.57)

As we explain further below, Markovian decay via emitting a photon at a
resonant momentumk can be described by the action of the operator̂Ok =P

j e� ikz j r̂ j (cf. Eq. 2.37). For two emitters with distanced, Ôk = r̂0+ r̂1e� ikd ,
where the phase factor re
ects the phase retardation of a photon emitted from
the second emitter (Fig. 2.5a). LettingÔk act on the state, we obtain

Ôk j � i =
1

p
2

(1 + ei ( � � kd)) jGi ; (2.58)

wherejGi = jg0g1i is the ground state of the array. The decay rate is obtained
from hÔy

kÔk i , yielding

� k = (� 1=2)[1 + cos(� � kd)]: (2.59)

Therefore, when the phase-matching condition� � kd = �m is satis�ed for
integer m, the decay is enhanced by a factor of 2 for evenm, and suppressed
to zero for oddm, with respect to the direction k. Given an emitter energy
�, there will be two resonant momenta k = � k(�). Only in the symmetric
con�guration, k(�) d = n� for integer n, we can achieve super- or subradiance
in both directions simultaneously (Fig. 2.5b). For oddn, the symmetric
state with � = 0, an example of the Dicke states, will be subradiant. The
phase-matching condition can also be visualized in terms of the wavelength,
� (�) = 2 �=k (�). For example, if k(�) = 2 kr = 2�=d , the distance between
the emitters is commensurate with the wavelength, resulting in constructive
interference (and superradiance).

Additionally, one can realize directional spontaneous emission, by choosing
one direction to be enhanced and the other to be suppressed. This is achieved,
for instance, at k(�) = 1 :5kr = 1:5�=d and � = � 0:5� . The condition yields
� � k(�) d = � 2� for the positive direction and� + k(�) d = � for the negative
direction. The photon will be emitted only into the positive direction.
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Figure 2.5: Collective spontaneous emission of two emitters.a, Illustration of
a TDS of two emitters with a relative phase� , emitting a photon (or a matter
wave) at momentumk. The photon from the second emitter has a phase lag
� = � � kd. b, Time evolution of the excited fraction for a TDS (red lines)
at � = 4 ! r (corresponding tok(�) d = 2� ). Parameters at 
 = ! r, � = 4 ! r,
s = 10. The black line is the single-emitter decay, and the dashed line is for
only one of two emitters excited.

M -emitter array

We now consider an array ofM emitters, and de�ne the single-excitation states
in the form of the Bloch waves,

j qi � r̂ y
q j0i �

1
p

M

X

j

eiqz j r̂ y
j j0i ; (2.60)

where the emitter positionszj = dj are periodic ind, and the quasimomentum
q is de�ned in the �rst Brillouin zone q 2 (� kr; kr]. We may also use the
symbol � for the phase gradient, in terms of whicheiqz j = ei�j . The phase
gradient can be realized experimentally by subjecting the emitter array to a
linear potential. Applying the jump operator Ôk , we get

Ôk j qi =
1

p
M

X

j

ei (q� k)zj jGi : (2.61)

The decay rate for emission into each direction is

� k =
� 1

2
hÔy

kÔk i =
� 1

2

�
�
�
�
�

1
p

M

X

j

ei (q� k)zj

�
�
�
�
�

2

; (2.62)
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where the resonant momentum can bek = � k(�). The maximum enhance-
ment occurs for the phase-matching condition at

q = q� = � k(�) + 2 krn; with some integern: (2.63)

In particular, when the conditions for the two directions are the sameq+ =
q� , such as atk(�) = 0 ; kr; 2kr; :::, we get the maximum total decay rate
� = � k(�) + � � k(�) = M � 1, the situation that is also referred to as the \mirror
con�guration" [52].

Alternatively, we can examine the dissipative behavior through the Marko-
vian equations of motion (Eq. 2.22),

_j qi =
X

j

_A j (t) jj i � �
X

j;j 0

[� j;j 0=2]A j 0(t) jj 0i : (2.64)

The coupling � j;j 0 is the sum of left and right coupling (Eq. 2.23), �j;j 0 =
� (� )

j;j 0 + � (+)
j;j 0 with � (� )

j;j 0 � (� 1=2)e� ik (�)( zj � zj 0) . Considering these as matrix el-

ements and the amplitudesA (q)
j = M � 1=2eiqz j of j qi as vector elements,A (q)

j

represent an eigenvector of �(� )
j;j 0 with an eigenvalueM (� 1=2) if the phase-

matching condition q = q� (Eq. 2.63) is satis�ed. Therefore, with respect
to each direction, j � qi are the superradiant states with the emission rate
M (� 1=2). There are additionalM � 1 eigenvectors withq(l )

� = q� + ( l=M )2kr

with integer l 6= 0, whose eigenvalues are zero. In other words, these eigenvec-

tors satisfy the subradiance condition �(� )
j;j 0A

(q( l )
� )

j 0 = 0, i.e.

X

j 0

e� ik (�) zj 0A
(q( l )

� )
j 0 = 0: (2.65)

To summarize, there are one superradiant state andM � 1 subradiant states
for an array of M emitters, with respect to each direction, in this Markovian
limit. For continuous values ofq, the Bloch state will be in a superposition of
these eigenstates, and there will be transitions between super- and subradiance
as q is varied.

In free space, the single-excitation states with a phase gradient are also
referred to as timed Dicke states (TDSs) [58]. The name is related to the
timed arrival of a photon on each emitter that imprints the phase gradient,
when such a state is prepared with a weak laser pulse. While the direction of
spontaneous emission is arbitrary, if a macroscopic number of emitters are in
phase, the emission into one speci�c direction becomes very strong, leading to
directional spontaneous emission [57]. The waveguide QED version of TDSs

29



(Eq. 2.60) inherits this directionality, as one can chooseq to match only one
of q+ or q� (except whenq+ � q� ). The new feature is subradiance, which is
achieved if bothq+ and q� are avoided.

Fermi's golden rule

Fermi's golden rule (FGR) provides a simple prescription to obtain the decay
rates in the Markovian limit. In particular, our single-excitation states are
realized as a macroscopically occupied state of bosonic atoms in a super
uid
phase in an optical lattice, e.g. (^r y

q)
NSF j0i . We will see how the bosonic

statistics a�ects the decay rate. The transition rate of an initial discrete state
ji i into a �nal state jf i in a continuum by a weak couplingĤ 0 can be obtained
[94]

� i ! f = (2 �= ~)jH 0
f i j2� (E f = E i ); (2.66)

which depends on the transition matrix elementsH 0
f i � h f j Ĥ 0ji i and the

density of states� (E) = ( �k )� 1dk=dE = ~� 1D(E=~). The coupling part of
the Hamiltonian for matter-wave emitters (Eq. 2.7) is

Ĥ 0 =
~

2

X

j;k


 j;k r̂ y
j b̂k + H.c. (2.67)

We calculate the transition rate from an initial state ofNSF emitter excita-
tions populating a TDS over an array ofM emitters, ji � i = NSF!� 1=2

�
r̂ y

�

� NSF j0i ,

to a state jf �;k i = ( NSF � 1)!� 1=2b̂y
k(r̂ y

� )NSF � 1 j0i after losing an excitation. Here
we use the symbol� = qd for later connection to our experiments. We as-
sume that the bath of radiation modes is always empty, in accordance with
the Markovian approximation. With the density of states of the matter waves
� dB (E) = ( L=2� ~)

p
2m=E (which includes a factor of 2 for the left-right de-

generacy; dB indicating that the bath modes are the de Broglie waves), the
transition rate normalized by NSF follows as

� �;M = N � 1
SF

2�
~

X

k= k� (�)

j hf �;k j Ĥ 0ji � i j 2� dB (~�) �
1
2

= M � 1
1
2

X

k= k� (�)

�
�
�
�
�
�

1
M

bM=2cX

j = b1� M=2c

ei ( � � kd)j

�
�
�
�
�
�

2

; (2.68)

where � 1 � � M =1 is the single-emitter decay rate (cf. Eq. 2.24) [18, 19], and
the sum overk� (�) = � kr

p
� =! r accounts for the two directions of emission.
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Figure 2.6: Decay rates from Fermi's golden rule (FGR) and exact simulations
for 5 emitters. a, Decay rates as a function of emitter phase� , for � = ! r

(k(�) = kr; orange dashed), � = 2:25! r (k(�) = 1 :5kr; blue), and � = 4 ! r

(k(�) = 2 kr; red). The vertical lines represent the eigenstates of the Markovian
Hamiltonian (Eq. 2.64). b, Time evolution for � = 4 ! r with 
 = 0 :5! r and
s = 10 calculated from FGR (red) and exact simulations (black). The solid,
dashed, and dot-dashed lines represent the emitter phase of� = 0, � = 0:2� ,
and � = 0:4� .

The last term leads to the modulation of the decay rate as a function of
the initial phase � . The rate peaks at� � k� d (mod 2� ), and reduces to the
Kronecker delta� � � k� d (mod 2� ) in the limit M ! L=d. This result also indicates
that the macroscopic occupation of a TDS byNSF bosonic excitations simply
enhances the emission rate byNSF.

We note that the result can also be expressed using the collective jump
operator Ôk =

P
j e� ikdj r̂ j [48, 100] (cf. Eq. 2.37) as

� �;M = N � 1
SF

� 1

2

X

k= k+ ;k �

hÔy
kÔk i : (2.69)

In this formalism of the FGR, the coupling Hamiltonian is� Ôk , and the �nal
state after a jump isÔk ji i .

FGR vs. numerical simulations

We show the FGR decay rates and corresponding time evolutions for TDSs
of various phases� for an array of length M = 5 in Fig. 2.6, and their
comparison to numerical simulations. Depending on the resonant momentum
k(�), superradiance occurs at di�erent phases. Whenq+ 6= q� (e.g. fork(�) =
1:5kr), we observe two peaks corresponding to directional emission each at
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half the rate of the maximum, 5�1=2. The FGR only predicts exponential
decays, and deviates from numerical simulations in certain cases. There are
very early deviations due to non-Markovianity from the propagation delay.
Also, for � = 0:2� , the numerical simulation shows that the decay curve

attens out, deviating from a simple exponential. This is attributed to that the
initial state of this phase is not an exact eigenstate of the e�ective Markovian
Hamiltonian (Eq. 2.64). To obtain a more accurate result, we should reexpress
the initial state as the eigenstates and count the populations in each eigenstate
separately, one superradiant state andM � 1 subradiant states. This is more
obvious if we consider two emitters at the same position, with only one of
them excited, e.g.je0i . The state can be expressed as 2� 1=2(j+ i + j�i ) where
j�i = 2 � 1=2(je0i � j e1i ), and we can see that only the superradiant statej+ i
will decay, leaving the system in the subradiant statej�i [59].

2.3.3 Collective bound states in and outside the contin-
uum

As we have seen in the time evolution, the subradiant states identi�ed in
the Markovian limit are not exactly non-radiant. This is apparent if one
considers emitters that are in�nitely far apart, in which case the decay of
emitters will be independent of each other no matter how they are prepared.
The exact stationary states are the bound states in the continuum (BIC), and
a BIC is a superposition of an emitter-array excitation and a matter-wave
excitation, with the latter being trapped in between the emitters [108]. This
is in contrast to bound states in a bandgap (which we may abbreviate as BIG),
whose photonic part is localized at the emitters.

To identify the bound states, we start from the single-excitation state
 BS =

P
j A j jj i +

P
k Bk jki , and seek the solutions ofĤ j i = ~! bs j i .

The amplitudes and energy should satisfy

(! bs � �) A j =
X

k

gj;k Bk ; (! bs � ! k)Bk =
X

j

gk;j A j : (2.70)

For ! bs < 0, the second equation can be solved forBk . However, for! bs � 0,
the second equation is singular at! k = ! bs, which forces

X

j

e� ik bs zj A j = 0; (2.71)

where kbs =
p

2mj! bsj=~ =
p

2j! bsj=! ho=aho. We notice that this is the
subradiant condition with respect to ! bs, cf. Eq. 2.65. We may solve the
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Figure 2.7: Bound states in the continuum (BICs) for 3 emitters, with 
 =
0:5! r, � = ! r, and s = 10. There are 2 bound states obtained numerically,
whose energies are ata, ! bs = 1:031! r, b, ! bs = 1:028! r.

second equation forBk , and insert it into the �rst, with the understanding
that Bk = 0 for ! k = ! bs, and obtain

(! bs � �) A j =
X

j 0

"

�
X

k

gj;k gk;j 0

! k � ! bs

#

A j 0: (2.72)

The quantity in the bracket is identical to the coherent interactionJj;j 0 (Eq.
2.25) in the Weisskopf-Wigner model, with � replaced by ! bs. To simplify
the integral, we again use the tight-binding limite� k2a2

ho � 1, and obtain the
coherent interactions

Jj;j 0(! bs) � �

 2

j! bsj

p
�

4
ahok(j! bsj) �

(
sin [k(! bs)jzj � zj 0j] for ! bs > 0

exp [� k(j! bsj)jzj � zj 0j] for ! bs < 0:
(2.73)

(the approximation cannot be applied for! bs = 0 as the integral becomes
divergent).

We �rst consider the bound states with positive energies! bs > 0. We
examine the particular values of � = n2! r with some positive integern, cor-
responding tok(�) = nkr. There is then a special solution! bs = n�, with
which the LHS of Eq. 2.72 vanishes, and also the RHS becauseJj;j 0 = 0.
The latter is due to the periodicity of the emitter positionszj = dj , such that
sin(nkrjzj � zj 0j) = sin( n� jj � j 0j) = 0. This leads to the bound states in the
continuum (BIC), which only exist at the special values of � (corresponding
to where the gaps open in a lattice). We note that the values also satisfy the
mirror condition, e� ik (�) zj = eik (�) zj , and therefore the subradiant condition
(Eq. 2.71) is satis�ed with respect to both emission directions. Beyond the
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Figure 2.8: Collective bound states in the gap (BIG) for 3 emitters, with

 = 0 :5! r, � = 0, and s = 10. There are 3 bound states obtained numerically,
with energies ata, ! bs = � 0:179! r, b, ! bs = � 0:123! r, c, ! bs = � 0:073! r.

tight-binding limit, the �nite size of the emitters in fact shifts the BIC energies
slightly, as discussed in Section 4.7.5 of an exact spectral analysis.

For the bound states with negative energies! bs < 0, i.e. the bound states
in the gap (BIG),12, we may �rst note that for small coupling gj;k and detuning
deep in the gap � 2 � 
 2 (� < 0), the bound-state energy converges to! bs �
�. The o�-diagonal elements of Jj;j 0 are exponentially suppressed, and Eq.
2.72 reduces to that of the single-emitter bound state for each isolated emitter.
There will be M collective bound states that are di�erent superpositions of the
single-emitter bound states, with the same energy! bs � �. The degeneracy of
the energies is lifted close to the edge �� 0. To �nd the energies, we require
that the eigenvalue equation, Eq. 2.72, has a non-trivial solution,

det

"

(� � ! bs) +
X

j 0

Jj;j 0(! bs)A j 0

#

= 0: (2.74)

There are typically M solutions, but as the excitation energy enters the deep
continuum � 2 � 
 2 (� > 0), the number of solutions reduces to one, as the
other bound states merge into the continuum.

To compute the emitter amplitudes A j , the subradiance condition (Eq.
2.71) can be used for BICs, while the eigenvectors of Eq. 2.72 give those of
BIGs. Once the values of! bs are obtained, we can use the secular equations
(Eq. 2.70) to obtain the photonic amplitudes in momentum space.13 While
above analysis provides valuable insight, one can also obtain the bound-state
energies and their wavefunctions by directly diagonalizing the Hamiltonian (cf.

12We use the language of a photonic band structure. The \gap" in our case is the
energetically inaccessible region below the continuum edge, cf. Fig. 2.1a.

13For position space,Bz =
P

k Bk L � 1=2eikz .
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Section 2.2.5). In Fig. 2.8, we show the BIGs for 3 emitters, with the emitter
energy at the continuum edge � = 0. There are 3 bound states with energies
in the gap, but the energies are slightly di�erent from each other depending on
the con�gurations. We also show BICs for 3 emitters in Fig. 2.7 for � = ! r.
The radiative (matter-wave) excitations are trapped between the cavity-like
geometries formed by the emitters in the waveguide [108, 110].

2.3.4 Polaritonic excitations

When the emitter array is large such that the emitter excitations and photons
are con�ned in the bulk, it may be more useful to describe the system in the
quasiparticle basis, instead of the individual constituents. Such a case is found,
for example, in describing the excitons coupled to light in solid-state physics,
where if the coupling strength exceeds the dissipation rates, the system admits
exciton-polaritons as new eigenmodes [111]. The light-matter hybrid particles
are generally called polaritons, and might also be found in waveguide QED
[68].

For an array of emitters, if the periodic boundary condition is assumed, the
system has a discrete symmetry and can be described via Bloch waves. In the
quasimomentum basis, we can write the operators for the emitter excitations
as

r̂ y
j =

1
p

M

X

q

e� iqz j r̂ y
q; r̂ y

q �
1

p
M

X

j

eiqz j r̂ y
j ; (2.75)

where M is the number of emitters in the array. In this �nite system, the
quasimomentumq is discrete with spacing�q = (1 =M)2kr. By expressing the
momentum k in terms of the quasimomentumq, the matter-wave excitations
also can be written as

b̂y
n;q � b̂y

kn;q
; with kn;q = q � sgn(q)( � 1)nbn=2c(2kr); (2.76)

and we may choose sgn(0) =� 1.14 These operators generate quasimomentum
eigenstates, e.g.T̂d h0j  ̂ (z)b̂y

n;q j0i = eik n;q (z+ d) = eiqd h0j  ̂ (z)b̂y
n;q j0i , where T̂d

is the translation operator. With this choice, the Hamiltonian (Eq. 2.7) can
be written as

Ĥ =
X

q

~�^r y
qr̂q +

X

n;q

~! n;qb̂y
n;qb̂n;q +

X

n;q

�
~gn;q r̂ y

qb̂n;q + H.c.
�

; (2.77)

14This enforces the top edge of each band always mapped tok > 0 (e.g. kn;q =0 > 0 for
evenn), but the other choice is also �ne.
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Figure 2.9: Polariton band structure obtained numerically for 
 = 0:5! r,
� = 0 :5! r, and s = 10. a, Band structure of free matter waves (bath modes).
b, Band structure of polaritons. The dashed lines are the band structures for
the bath modes (blue) and emitter excitations (red) without coupling.

where we de�nedgq;n �
p

Mgk =
p

M jgj;k j and ! n;q � ! kn;q , and the phase
factor eik n;q zj = eiqz j of gj;k has been absorbed into ^rq. It becomes apparent
that the Hamiltonian decouples the subspaces of quasimomentum eigenstates,

Ĥ =
X

q

Ĥq (2.78)

whereĤq = �̂^r y
qr̂q +

P
n ~! n;qb̂y

n;qb̂n;q +
P

n (~gn;q r̂ y
qb̂n;q +H.c.). If we cut o� the

band index of the bath modes at some valuenmax , Ĥq will be a square matrix
of dimensionnmax + 1.

We can look for the single-excitation quasimomentum eigenstates labeled
by the new band index ~n,

j ~n;q i = A~n;q r̂ y
q j0i +

X

n

B~n;n;q b̂y
n;q j0i (2.79)

The amplitudes and the energies can be obtained from̂Hq j ~n;q i = ~! ~n;q j ~n;q i ,
leading to the secular equations [19, 56, 68]

(~! ~n;q � �) A~n;q =
X

n

gn;qB~n;n;q ; (~! ~n;q � ! n;q)B~n;n;q = gn;qA~n;q: (2.80)

Solving the second forB~n;n;q , we obtain the equation for the polariton disper-
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sion ~! ~n;q,

~! ~n;q � � =
X

n

g2
n;q

~! ~n;q � ! n;q
: (2.81)

Alternatively, the Hamiltonian Ĥq can also be directly diagonalized with some
cuto� nmax to obtain the energies and amplitudes. We show the dispersion of
polariton eigenmodes in Fig. 2.9 obtained numerically.

We can de�ne the operators ^cy
~n;q = A~n;q r̂ y

q +
P

n B~n;n;q b̂y
n;q for the polariton

quasiparticles, and in the position space ^cy
~n;j = M � 1=2

P
q e� iqz j ĉy

~n;q, they can
form the basis for the e�ective many-body system with on-site interactions.
Typical waveguide QED setups with two-level emitters are described by adding
the interaction term (Ur =2)r̂ y

j r̂
y
j r̂ j r̂ j and taking the hardcore boson limitUr !

1 [68], but more general scenarios can also be considered with �niteU, which
can be realized, e.g. by adding nonlinearity to harmonic oscillator emitters.
Such scenarios are naturally realized in our optical lattice, and we discuss the
polaritonic many-body model in Chapter 6.

2.3.5 Non-Markovian collective dynamics

As discussed earlier (Section 2.2.3), the Weisskopf-Wigner model starts to
break down in two di�erent scenarios, when the emitter energy is close to
the band edge,j� j=
 . 1, and also when the propagation delay is large,
jzj � zj 0j=vg & 1=�. The non-Markovianity of the �rst kind can occur for
single emitters, leading to oscillatory dynamics with fractional decay [18, 103].
Collective e�ects can enhance these non-Markovian dynamics [19], as has been
observed in [20, 21] and is discussed further in Section 4.7.6.

The non-Markovianity of the second kind only occurs for multiple emitters,
and can modify super- and subradiant dynamics. As has already been noticed
(Fig. 2.6), the onset of superradiance can be delayed by the propagation
e�ect, and the subradiant states only become truly non-radiant in the form of
BICs. While emitters will behave independently in the limit of in�nitely large
distances between them, there can be an interesting regime when the distances
are neither too close nor too far. This can be illustrated by \superradiance
paradox" [44, 45] as follows. We consider a superradiant state (TDS) in an
array of emitters with spacingd, such that the array size isMd. We adjust
the sizeMd in between the two length scales

vg=(M � 1) < Md < v g=� 1: (2.82)

The quantity vg=� is referred to as the photon coherence length [44], and if
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Figure 2.10: Superradiance beyond the standard rate for 3 emitters with 
 =
1:8! r, � = 4 ! r, and s = 100, shown in a, on a linear scale, andb, on a log
scale. The solid red and orange lines are for 3 and 1 emitters. The dashed
lines are the Markovian decay for 3 and 1 emitters. The solid black line is a
double-linear �t, which yields an instantaneous decay rate �=� 1 � 4:0.

we usevg=(M � 1) as the length scale with the enhanced rateM � 1, the Marko-
vian condition is violated. In other words, the coherence length is too short
for emitters to interact via the common modes, and superradiance is com-
promised. On the other hand, if we now usevg=� 1 instead as the coherence
length, the condition is satis�ed, and we should expect superradiance, seem-
ingly contradicting the previous violation.

Exact treatments are required in this intermediate regime, leading to inter-
esting e�ects, such as collective spontaneous emission rate beyond the standard
Dicke superradiance [43, 44]. We can parameterize the e�ective separation as
� = d=(vg=� 1). For two emitters with linear dispersion, the instantaneous
decay rate can be as high as �=� 1 = 4:59 at � = � c = 0:56, due to the de-
layed photon wavepackets [44]. For matter-wave emitters,� can be tuned by
controlling vg = d! k=dkjk= k(�) = ( ~kr=m)

p
� =! r or � 1 � 
 2=

p
� (in the

tight-binding limit). While the non-Markovianity from the band edge as well
as the non-linear dispersion make the system more complex, such enhancement
might indeed be observed for potentially accessible experimental parameters,
as shown for 3 emitters in Fig. 2.10.

2.3.6 Many-body superradiance

As Dicke showed [59], the two-level emitters can be mapped to e�ective spins,
and the states can be labeled by the angular momentumJ and the magnetic
quantum number m, when all the emitters are at a single position. The spin
operators can be de�ned aŝJ +

j = �̂ +
j , Ĵ +

j = �̂ �
j , Ĵ z

j = �̂ z
j =2 (without ~), with

the total angular momentum operatorĴ =
P

j Ĵ j . The Hamiltonian is sym-
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metric under the exchange of two emitters (permutation symmetry), and also
preservesJ , resulting in the decay along a single ladder. Recognizing that the
total angular momentum ladder operatorĴ � =

P
j Ĵ �

j is the collective jump
operator (without the phase factor as the emitters are at the same position),
we can obtain the emission rate (the number of photons emitted per unit time)
of a state labeled byJ and m as (cf. Eq. 2.69)

hJ; mj Ĵ + Ĵ � jJ; mi = � 1(J + m)(J � m + 1) : (2.83)

The states in the ladder of highest angular momentumJ = M=2 radiate most
strongly, and Dicke calledJ the \cooperation number". Furthermore, the
decay rate reaches the maximum in the middle of the ladderm � 0, with
intensity / � 1(M=2)(M=2 + 1), predicting an initially growing intensity and
a burst of radiation from fully excited emitters.

As Dicke noted, the mapping to spins also works for emitters not at the
same position, if we restrict the decay to a single direction (mode)k. Noting
that the coupling term Ĥ 0 =

P
j;k ~gj;k �̂ +

j b̂k + H.c. (Eq. 2.7) has the position-
dependent phasegj;k = gkeikz j , we de�ne collective operators as [59]

Ĵ �
k =

X

j

Ĵ �
j e� ikz j ; Ĵ z =

X

j

Ĵ z
j ; (2.84)

with which the Hamiltonian can be written as Ĥ 0 =
P

k ~gk b̂k Ĵ +
k + H.c. We

can also write

Ĵ x
k = ( Ĵ +

k + Ĵ �
k )=2 =

X

j

Ĵ x
j coskzj � Ĵ y

j sinkzj (2.85)

Ĵ y
k = ( Ĵ +

k � Ĵ �
k )=2i =

X

j

Ĵ x
j sinkzj + Ĵ y

j coskzj :

From the fundamental commutation relations [̂J x
j ; Ĵ y

j ] = i Ĵ z
j , [Ĵ y

j ; Ĵ z
j ] = i Ĵ x

j ,
[Ĵ z

j ; Ĵ x
j ] = i Ĵ y

j for angular momentum, one can show that̂J x
k , Ĵ y

k , Ĵ z follow
the same commutation relation. It follows that the total angular momentum,
de�ned asĴ 2

k � (Ĵ x
k )2+( Ĵ y

k )2+( Ĵ z)2, commutes with thek part of Hamiltonian
Ĥ 0

k = ~gk b̂k Ĵ +
k + H.c., [ Ĵ 2

k ; Ĥ 0
k ] = 0.

In the Markovian limit, we can again use the jump operatorÔk = Ĵ �
k to

describe the decay processes. If there is a strongly preferred directionk, we still
expect the superradiant cascade, with each emission of a photon imprinting
a coherent phase upon the emitters. To illustrate this, we consider a fully
excited state of 3 emitters. The decay process successively goes through the
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Figure 2.11: Superradiant burst from fully excited emitter arrays with 
 = ! r,
� = 4 ! r, s = 15. a, Normalized emission rate,R = � (� 1M )� 1(dN=dt).
b, Population on a log scale. The solid red lines are for the array lengths
M = 2; 3; 4; 5. The dashed line is for a single emitter. Inset: For � = 2:25! r,
with 
 = 0 :69! r adjusted to yield the same single-emitter decay rate.

following states,

jJ = 3=2; m = 3=2i = je� 1e0e1i

jJ = 3=2; m = 1=2i = (1 =
p

3)(e� ikz � 1 jg� 1e0e1i + e� ikz 0 je� 1g0e1i

+ e� ikz 1 je� 1e0g1i )

jJ = 3=2; m = � 1=2i = (1 =
p

3)(e� ik (z0+ z1 ) je� 1g0g1i + e� ik (z� 1+ z1 ) jg� 1e0g1i

+ e� ik (z� 1+ z0 ) jg� 1g0e1i )

jJ = 3=2; m = � 3=2i = e� ik (z� 1+ z0+ z1 ) jg� 1g0g1i : (2.86)

These are the superradiant states with respect tok, with their decay rates
into the modek coherently enhanced. We recognize that the single-excitation
state jJ = 3=2; m = � 1=2i is a TDS by factoring oute� ik (z� 1+ z0+ z1 ) , i.e. j k i =P

j eikz j jej i . In free space, if the emitter sample is elongated, the superradiant
emission can be directional [100, 112], but the enhancement will become weaker
as the emitters become more spread out.

In waveguides, there are only two resonant modesk = � k(�), and a super-
radiant burst can always occur above a certain threshold number of emitters
[52]. In Fig. 2.11, we show the emission rate of fully excited emitter arrays of
various lengths, calculated from the master equation (Eq. 2.36). We use the
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normalized photon emission rate,

R = �
1

M � 1

dN
dt

; (2.87)

which is the negative of the number of excitations lost per unit time, nor-
malized to that of M independent emitters att = 0, where N is the number
of excitations in the array. In this example, the choice of the emitter energy
� = 4 ! r satis�es the mirror condition, eik (�) zj = e� ik (�) zj . Therefore, the
superradiant states with respect to� k(�) are identical, and an array can ex-
hibit the full burst as if the emitters are at the same position. However, for
� = 2 :25! r, k(�) = 1 :5�=d , the superradiant states are di�erent with respect
to di�erent directions. In this case, a higher number of emittersM � 5 is
required to see the burst. In particular, the normalized rateR is identical
for M = 2 and M = 1, which can be attributed to the fact that the TDS of
2 emitters is superradiant with respect to one direction but subradiant with
respect to the other. We note that the calculation assumes the lack of knowl-
edge regarding the bath degrees of freedom. If the photons can be directly
detected, one may observe large shot-to-shot 
uctuations in which direction
they are emitted as the small asymmetry of the initial photon emission can
be ampli�ed in the avalanche-like decay [52]. Our calculation also ignores
any non-Markovian e�ects on this many-body collective dynamics, such as the
propagation delay, which is still a largely unexplored subject [22].

1234

Spontaneous coherence formation

In our experiments with matter-wave emitters, the emergence of coherent
phases, like those shown in Eq. 2.86, are directly probed in the quasimo-
mentum distribution, which can be obtained in an optical lattice through the
bandmapping technique (cf. Section 4.7.2). From the reduced density ma-
trix � A (t) calculated with the master equation (Eq. 2.36), we can obtain the
quasimomentum density as

n(q) = Tr[ � A (t)n̂(q)]; (2.88)

where n̂(q) = r̂ y
qr̂q and r̂ y

q = M � 1
P

j eiqz j r̂ y
j (as de�ned in Eq. 2.75). The

number M of emitters might be �nite, but we can imagine that the emitter
array is part of a larger array of lengthM 0 � M (with the periodic boundary
condition), with only the original M emitters being populated. We can use the
normalization M 0� 1 in the operators ^r y

q and r̂q instead, and the distribution
n(q) becomes a continuous function in the limitM 0 ! 1 . In Fig. 2.12, we
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Figure 2.12: Spontaneous coherence formation in the quasimomentum distri-
bution of an initially fully excited 5-emitter array ( s = 15). a, For � = 4 ! r

(corresponding tok(�) = 0) and 
 = ! r. b, For � = 2 :25! r (corresponding
to k(�) = 1 :5kr) and 
 = 0 :69! r (adjusted to yield the same �1). The colors
represent the di�erent timest = 0:0; 0:1; 0:2; 0:3 ms (gray, brown, orange, red).

show the quasimomentum distribution of an initially fully excited 5-emitter
array undergoing spontaneous decay, for � = 4! r and 2:25! r. The emission of
a photon at k = � k(�) results in the imprinting of the coherent phase around
q = �=d , with � = � k(�) d (mod 2� ). This can be also understood from the
action of the jump operatorÔk =

P
j e� ikdj r̂ j , where the phase factor can be

written as e� i�j . With the the mirror condition � = ! r, a single peak appears,
and otherwise there will be two peaks, corresponding to the two emission
directions (Fig. 2.12). In Section. 4.5, we discuss the �rst experimental
observation of these coherence peaks.
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Chapter 3

Experimental Techniques for
Bose-Einstein Condensates

3.1 Conceptual basics

3.1.1 Bose-Einstein condensation

An ideal bosonic gas, in the absence of interactions, condenses into a single-
particle ground state when cooled below the transition temperatureTc. We
brie
y discuss its derivation and the concept of phase-space density, closely
following [113]. The value ofTc is inferred from the distribution function in a
grand canonical ensemble, i.e. the Bose-Einstein distribution

f BE (� ) =
1

e(� � � )=kB T � 1
(3.1)

with � being the chemical potential. In a closed system with a �xed atom
number N , the chemical potential� (T) depends on the temperature throughR1

� min
d�g(� )f BE (� ) = N .1

The density of states is generally written in the formg(� ) = C� � � � 1. In
3D free space (� = 3=2), g(� ) = C3=2� 1=2 where C3=2 = ( L3m3=2=

p
2� 2~3),

and in a 3D harmonic trap (� = 3), g(� ) = C3� 2 where C3 = (2 ~3 �! 3)� 1

and �! = ( ! x ! y! z)1=3.2 Below the transition temperatureTc, the ground-state
fraction N0 becomes non-negligible, i.e.N = N0 +

R1
� +

min
d�g(� )f BE (� ). The

1The condition � � � min is required for f BE to be physical.
2In d dimensions, � = d=2 in free space and� = d; C� = (( d � 1)!

Q
i ~! i ) � 1 in a

harmonic trap.
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critical temperature is given by

kB Tc =
�

N
C� �( � )� (� )

� 1=�

: (3.2)

where �( � ) is the Euler gamma function and� (� ) is the Riemann zeta function.
One way of quantifying the degeneracy of a gas is through the phase-space

density. The typical momentum of a gas atT gives the thermal de Broglie
wavelength� T = (2 � ~2=mkB T)1=2, and the phase-space density is de�ned as

PSD = n� 3
T = n

�
2� ~2

mkB T

� 3=2

; (3.3)

which is the number of particles concentrated within� T . In free space, the
critical temperature is reached at PSD =� (3=2) � 2:612.

Our BECs are made in a harmonic trap, wherekB Tc = ~�!N 1=3=[� (3)]1=3 �
0:94~�!N 1=3. We can write the critical temperature asTc � 4:52(�!=! typ )N 1=3 nK,
with ! typ = 2� � 100 Hz being the typical trap frequency of our appara-
tus. For a million atoms (N = 106), Tc � 452 nK, while for ten thousands
atoms (N = 104), Tc � 97 nK. To compute the PSD at the center of a har-
monic trap, one may choose the maximum densityn(0) of a thermal ensemble,
n(0) = ( m=2�k B T)3=2 �! 3N . At T = Tc, we �nd PSD = � (3)3 � 1:74.

3.1.2 Atom-light interactions

The manipulation of atoms, such as cooling, trapping, and state controls, fun-
damentally depends on the atom-light interactions, especially the force exerted
on the atoms [114]. We brie
y review some basics, including the Hamiltonian
of an atom interacting with a single-frequency light �eld.

An electron bound to an atom in the presence of an external �eld is de-
scribed by Ĥ = (1 =2m)[p̂ + eA (r ; t)]2 � e�( r ; t) + V(r ). In the Coulomb
gauge and the dipole approximationA (r ; t) � A (t), the Hamiltonian becomes
[90, 94, 115]

Ĥ = ĤA � d̂ � E (r = 0; t); (3.4)

whereĤA is the atomic part without the �eld and the electric �eld is E (r ; t) =
(E0êei k �r � i�t + E �

0 ê� e� i k �r + i�t )=2 with E0 being a slowly-varying envelope and̂e
being a unit polarization vector. We consider a ground and an excited states
jgi ; jei with the energy ĤA = ~! 0 jei hej and electric dipole momentd̂ =
jgi hej dge+ jei hgj deg whered ij = hi j (� e)r̂ jj i . We can write the Hamiltonian
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and a state in a matrix form,

Ĥ =
�

0 � dge � E
� deg � E ~! 0

�
; j i =

�
cg

ce

�
: (3.5)

To deal with the rapid time dependence of the �eld, we change to a rotating
frame in which the relative phase between the states is slowly varying, via a
unitary transformation j ~ i = Û� j i where

Û� =
�

1 0
0 ei�

�
; (3.6)

with � = ! 0t. The new statej ~ i follows the transformed Hamiltonian,Ĥ � =
Û� Ĥ Û� 1

� � i~Û� @t Û� 1
� , which is written as

Ĥ � =
�

0 � dgee� i! 0 t � (E0êe� i�t + E �
0 ê� ei�t )=2

� degei! 0 t � (E0êe� i�t + E �
0 ê� ei�t )=2 0

�
:

(3.7)

In this frame, we can see that there are rapidly oscillating termse� 2i (� + ! 0 )t

(counter-rotating terms) relative to the otherse� 2i (� � ! 0 )t . We then make the
standard assumption that the dynamics are much slower than this, and drop
the oscillating terms, which is referred to as the rotating-wave approximation
(RWA). Going back to the original frame and transforming to the rotating-
wave frame with � = �t , we obtain the time-independent Hamiltonian

ĤRWA = �
~
2

�
0 
 �


 2�

�
; (3.8)

where we de�ned the detuning � � � � ! 0 and the Rabi frequency 
 �
deg�(E0ê)=~. We also added� 2� Î to put it into standard form. The dynamics
of interests evolve at rates� 
 ; �, and thus the validity of the RWA can be
expressed as 
; � � �; ! 0. We note that if the phase of the �eld is �xed,
we can absorb the phase of 
 to make it real and positive by conducting an
additional transformation Û� 0 with some � 0. We assume that this has been
done in the following.

For o�-resonant light j� j � 
, the ground state will not be excited ap-
preciably. In this limit, one can diagonalize Eq. 3.8 to obtain the energy
shift

� Eg =
~
 2

4�
=

3�c 2

2! 3
0

�
�

I; (3.9)
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where I = c�0jE0j2=2 is the intensity and � is the decay rate of the excited
state. This energy shift is generally called AC Stark shift or light shift. For
the second equality [116], we use the expression for the decay rate in terms of
the dipole matrix element as [89]

� =
! 3

0j} j2

3�� 0~c3
(3.10)

where } � deg � ê with the polarization vector ê being parallel to the dipole
in this expression, i.e.j} j2 = jdegj2. For red-detuned light � < 0, the energy
decreases, and ground-state atoms will be attracted toward higher intensity,
and for the blue-detuned light � > 0, the atoms will be repelled.

Atoms can also scatter o� the light, with the scattering rate in the o�-
resonant limit being given by [76, 116]

� sc =
�

~
 2

4�

�
�

~�
=

3�c 2

2~! 3
0

�
�
�

� 2

I =
�

~�
(� Eg): (3.11)

It can also be obtained from the imaginary part of �Eg = ~
 2=4(� + i � =2)
as � sc=2.

3.2 Trapping and cooling of atoms

In this section, we brie
y summarize the steps for preparing Bose-Einstein
condensates with our apparatus. Since many details can be found in the pre-
vious theses of our group, e.g. [117{119], and our machine paper [120], we only
highlight some basics that are important in daily operations and troubleshoot-
ing. As seen in Fig. 3.1, our apparatus is divided into two parts, the `MOT
cell' (at the pressure� 10� 9 mbar) and the `Science cell' (at� 10� 12 mbar;
2� 1� 5 cm)3, in which the lifetimes of mangetically trapped atoms are about
� 1 s and� 100 s, respectively. Our quadrupole coil, mounted on a mechani-
cal transporter (Parker Motion 6K2 Controller, GV-L3R Drive 1 and 2), traps
and delivers atoms from the MOT cell to the Science cell.

3.2.1 Laser system for 87Rb atoms

We use87Rb atoms, which belong to alkali metals (atomic number 37) and
comprise 28% of the natural rubidium on Earth [121]. A87Rb atom has one
valence electron (with electronic con�guration 1s22s2p63s2p6d104s2p65s1), and

3See, for example, Fig. 2.4 in [118] for the drawing of our BEC apparatus.
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